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solutions by means of a linear superposition of plane waves. The answer is provided by wave
packets, which we have seen in Chapter 1:

x t
1

2
k ei kx t dk (4.12)

where k , the amplitude of the wave packet, is given by the Fourier transform of x 0 as

k
1

2
x 0 e ikxdx (4.13)

The wave packet solution cures and avoids all the subtleties raised above. First, the momentum,

the position and the energy of the particle are no longer known exactly; only probabilistic

outcomes are possible. Second, as shown in Chapter 1, the wave packet (4.12) and the particle

travel with the same speed g p m, called the group speed or the speed of the whole packet.
Third, the wave packet (4.12) is normalizable.

To summarize, a free particle cannot be represented by a single (monochromatic) plane

wave; it has to be represented by a wave packet. The physical solutions of the Schrödinger

equation are thus given by wave packets, not by stationary solutions.

4.4 The Potential Step

Another simple problem consists of a particle that is free everywhere, but beyond a particular

point, say x 0, the potential increases sharply (i.e., it becomes repulsive or attractive). A

potential of this type is called a potential step (see Figure 4.2):

V x
0 x 0

V0 x 0
(4.14)

In this problem we try to analyze the dynamics of a flux of particles (all having the same mass

m and moving with the same velocity) moving from left to the right. We are going to consider
two cases, depending on whether the energy of the particles is larger or smaller than V0.

(a) Case E V0
The particles are free for x 0 and feel a repulsive potential V0 that starts at x 0 and stays

flat (constant) for x 0. Let us analyze the dynamics of this flux of particles classically and

then quantum mechanically.

Classically, the particles approach the potential step or barrier from the left with a constant

momentum 2mE . As the particles enter the region x 0, where the potential now is V V0,
they slow down to a momentum 2m E V0 ; they will then conserve this momentum as they
travel to the right. Since the particles have sufficient energy to penetrate into the region x 0,

there will be total transmission: all the particles will emerge to the right with a smaller kinetic
energy E V0. This is then a simple scattering problem in one dimension.
Quantum mechanically, the dynamics of the particle is regulated by the Schrödinger equa-

tion, which is given in these two regions by

d2

dx2
k21 1 x 0 x 0 (4.15)
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Figure 4.2 Potential step and propagation directions of the incident, reflected, and transmitted

waves, plus their probability densities x 2 when E V0 and E V0.

d2

dx2
k22 2 x 0 x 0 (4.16)

where k21 2mE h2 and k22 2m E V0 h2. The most general solutions to these two
equations are plane waves:

1 x Aeik1x Be ik1x x 0 (4.17)

2 x Ceik2x De ik2x x 0 (4.18)

where Aeik1x and Ceik2x represent waves moving in the positive x-direction, but Be ik1x and

De ik2x correspond to waves moving in the negative x-direction. We are interested in the case
where the particles are initially incident on the potential step from the left: they can be reflected

or transmitted at x 0. Since no wave is reflected from the region x 0 to the left, the constant

D must vanish. Since we are dealing with stationary states, the complete wave function is thus
given by

x t 1 x e i t Aei k1x t Be i k1x t x 0

2 x e i t Cei k2x t x 0
(4.19)

where A exp[i k1x t ], B exp[ i k1x t ], and C exp[i k2x t ] represent the incident,
the reflected, and the transmitted waves, respectively; they travel to the right, the left, and the
right (Figure 4.2). Note that the probability density x 2 shown in the lower left plot of

Figure 4.2 is a straight line for x 0, since 2 x
2 C exp i k2x t 2 C 2.

Let us now evaluate the reflection and transmission coefficients, R and T , as defined by

R
reflected current density

incident current density

Jre f lected
Jincident

T
Jtransmitted
Jincident

(4.20)
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R represents the ratio of the reflected to the incident beams and T the ratio of the transmitted to
the incident beams. To calculate R and T , we need to find Jincident , Jre f lected , and Jtransmitted .
Since the incident wave is i x Aeik1x , the incident current density (or incident flux) is
given by

Jincident
ih

2m
i x

d i x

dx i x
d i x

dx

hk1
m

A 2 (4.21)

Similarly, since the reflected and transmitted waves are r x Be ik1x and t x Ceik2x ,
we can verify that the reflected and transmitted fluxes are

Jre f lected
hk1
m

B 2 Jtransmitted
hk2
m
C 2 (4.22)

A combination of (4.20) to (4.22) yields

R
B 2

A 2
T

k2
k1

C 2

A 2
(4.23)

Thus, the calculation of R and T is reduced to determining the constants B and C . For this,
we need to use the boundary conditions of the wave function at x 0. Since both the wave

function and its first derivative are continuous at x 0,

1 0 2 0
d 1 0

dx

d 2 0

dx
(4.24)

equations (4.17) and (4.18) yield

A B C k1 A B k2C (4.25)

hence

B
k1 k2
k1 k2

A C
2k1

k1 k2
A (4.26)

As for the constant A, it can be determined from the normalization condition of the wave func-
tion, but we don’t need it here, since R and T are expressed in terms of ratios. A combination
of (4.23) with (4.26) leads to

R
k1 k2 2

k1 k2 2
1 K 2

1 K 2
T

4k1k2
k1 k2 2

4K

1 K 2
(4.27)

where K k2 k1 1 V0 E . The sum of R and T is equal to 1, as it should be.
In contrast to classical mechanics, which states that none of the particles get reflected,

equation (4.27) shows that the quantum mechanical reflection coefficient R is not zero: there
are particles that get reflected in spite of their energies being higher than the step V0. This effect
must be attributed to the wavelike behavior of the particles.
From (4.27) we see that as E gets smaller and smaller, T also gets smaller and smaller so

that when E V0 the transmission coefficient T becomes zero and R 1. On the other hand,

when E V0, we have K 1 V0 E 1; hence R 0 and T 1. This is expected

since, when the incident particles have very high energies, the potential step is so weak that it

produces no noticeable effect on their motion.

Remark: physical meaning of the boundary conditions

Throughout this chapter, we will encounter at numerous times the use of the boundary condi-

tions of the wave function and its first derivative as in Eq (4.24). What is the underlying physics

behind these continuity conditions? We can make two observations:
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Since the probability density x 2 of finding the particle in any small region varies

continuously from one point to another, the wave function x must, therefore, be a

continuous function of x ; thus, as shown in (4.24), we must have 1 0 2 0 .

Since the linear momentum of the particle, P x ihd x dx , must be a continu-
ous function of x as the particle moves from left to right, the first derivative of the wave
function, d x dx , must also be a continuous function of x , notably at x 0. Hence,

as shown in (4.24), we must have d 1 0 dx d 2 0 dx .

(b) Case E V0
Classically, the particles arriving at the potential step from the left (with momenta p 2mE)
will come to a stop at x 0 and then all will bounce back to the left with the magnitudes of

their momenta unchanged. None of the particles will make it into the right side of the barrier

x 0; there is total reflection of the particles. So the motion of the particles is reversed by the

potential barrier.

Quantummechanically, the picture will be somewhat different. In this case, the Schrödinger

equation and the wave function in the region x 0 are given by (4.15) and (4.17), respectively.

But for x 0 the Schrödinger equation is given by

d2

dx2
k2
2

2 x 0 x 0 (4.28)

where k2
2

2m V0 E h2. This equation’s solution is

2 x Ce k2x Dek2x x 0 (4.29)

Since the wave function must be finite everywhere, and since the term ek2x diverges when
x , the constant D has to be zero. Thus, the complete wave function is

x t
Aei k1x t Be i k1x t x 0

Ce k2xe i t x 0
(4.30)

Let us now evaluate, as we did in the previous case, the reflected and the transmitted

coefficients. First we should note that the transmitted coefficient, which corresponds to the

transmitted wave function t x Ce k2x , is zero since t x is a purely real function
( t x t x ) and therefore

Jtransmitted
h

2im
t x

d t x

dx
t x

d t x

dx
0 (4.31)

Hence, the reflected coefficient R must be equal to 1. We can obtain this result by applying the
continuity conditions at x 0 for (4.17) and (4.29):

B
k1 ik2
k1 ik2

A C
2k1

k1 ik2
A (4.32)

Thus, the reflected coefficient is given by

R
B 2

A 2
k21 k 22
k21 k 22

1 (4.33)
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We therefore have total reflection, as in the classical case.

There is, however, a difference with the classical case: while none of the particles can be

found classically in the region x 0, quantum mechanically there is a nonzero probability that
the wave function penetrates this classically forbidden region. To see this, note that the relative
probability density

P x t x
2 C 2e 2k2x

4k21 A
2

k21 k 22
e 2k2x (4.34)

is appreciable near x 0 and falls exponentially to small values as x becomes large; the
behavior of the probability density is shown in Figure 4.2.

4.5 The Potential Barrier and Well

Consider a beam of particles of mass m that are sent from the left on a potential barrier

V x
0 x 0

V0 0 x a
0 x a

(4.35)

This potential, which is repulsive, supports no bound states (Figure 4.3). We are dealing here,

as in the case of the potential step, with a one-dimensional scattering problem.
Again, let us consider the following two cases which correspond to the particle energies

being respectively larger and smaller than the potential barrier.

4.5.1 The Case E V0

Classically, the particles that approach the barrier from the left at constant momentum, p1
2mE , as they enter the region 0 x a will slow down to a momentum p2 2m E V0 .

They will maintain the momentum p2 until they reach the point x a. Then, as soon as they
pass beyond the point x a, they will accelerate to a momentum p3 2mE and maintain
this value in the entire region x a. Since the particles have enough energy to cross the bar-
rier, none of the particles will be reflected back; all the particles will emerge on the right side

of x a: total transmission.
It is easy to infer the quantum mechanical study from the treatment of the potential step

presented in the previous section. We need only to mention that the wave function will display

an oscillatory pattern in all three regions; its amplitude reduces every time the particle enters a

new region (see Figure 4.3):

x
1 x Aeik1x Be ik1x x 0

2 x Ceik2x De ik2x 0 x a

3 x Eeik1x x a
(4.36)

where k1 2mE h2 and k2 2m E V0 h2. The constants B, C , D, and E can be
obtained in terms of A from the boundary conditions: x and d dx must be continuous at
x 0 and x a, respectively:



4.5. THE POTENTIAL BARRIER AND WELL 225

-

6

0 a
x

x 2

E V0

-

6

0 a
x

x 2

E V0

-

6

0 a
x

V x

V0

Aeik1x-

Be ik1x¾

Ceik2x-

De ik2x¾

Eeik1x-

E

-

6

0 a
x

V x

V0

Aeik1x-

Be ik1x¾

De k2x

Cek2x

Eeik1x-

E

Figure 4.3 Potential barrier and propagation directions of the incident, reflected, and transmit-

ted waves, plus their probability densities x 2 when E V0 and E V0.

1 0 2 0
d 1 0

dx

d 2 0

dx
(4.37)

2 a 3 a
d 2 a

dx

d 3 a

dx
(4.38)

These equations yield

A B C D ik1 A B ik2 C D (4.39)

Ceik2a De ik2a Eeik1a ik2 Ceik2a De ik2a ik1Ee
ik1a (4.40)

Solving for E , we obtain

E 4k1k2Ae
ik1a[ k1 k2

2 e ik2a k1 k2
2 eik2a] 1

4k1k2Ae
ik1a 4k1k2 cos k2a 2i k21 k22 sin k2a

1
(4.41)

The transmission coefficient is thus given by

T
k1 E 2

k1 A 2
1

1

4

k21 k22
k1k2

2

sin2 k2a

1

1
V 20

4E E V0
sin2 a 2mV0 h2 E V0 1

1

(4.42)
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because

k21 k22
k1k2

2
V 20

E E V0
(4.43)

Using the notation a 2mV0 h2 and E V0, we can rewrite T as

T 1
1

4 1
sin2 1

1

(4.44)

Similarly, we can show that

R
sin2 1

4 1 sin2 1
1

4 1

sin2 1

1

(4.45)

Special cases

If E V0, and hence 1, the transmission coefficient T becomes asymptotically
equal to unity, T 1, and R 0. So, at very high energies and weak potential barrier,

the particles would not feel the effect of the barrier; we have total transmission.

We also have total transmission when sin 1 0 or 1 n . As shown

in Figure 4.4, the total transmission, T n 1, occurs whenever n En V0
n2 2h2 2ma2V0 1 or whenever the incident energy of the particle is En V0
n2 2h2 2ma2 with n 1, 2, 3, . The maxima of the transmission coefficient coin-

cide with the energy eigenvalues of the infinite square well potential; these are known as

resonances. This resonance phenomenon, which does not occur in classical physics, re-

sults from a constructive interference between the incident and the reflected waves. This

phenomenon is observed experimentally in a number of cases such as when scattering

low-energy (E 0 1 eV) electrons off noble atoms (known as the Ramsauer–Townsend
effect, a consequence of symmetry of noble atoms) and neutrons off nuclei.
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In the limit 1 we have sin 1 1, hence (4.44) and (4.45) become

T 1
ma2V0

2h2

1

R 1
2h2

ma2V0

1

(4.46)

The potential well (V0 0)

The transmission coefficient (4.44) was derived for the case where V0 0, i.e., for a barrier
potential. Following the same procedure that led to (4.44), we can show that the transmission
coefficient for a finite potential well, V0 0, is given by

TW 1
1

4 1
sin2 1

1

(4.47)

where E V0 and a 2m V0 h2. Notice that there is total transmission whenever

sin 1 0 or 1 n . As shown in Figure 4.4, the total transmission, TW n

1, occurs whenever n En V0 n2 2h2 2ma2V0 1 or whenever the incident energy

of the particle is En n2 2h2 2ma2 V0 with n 1 2 3 . We will study in more

detail the symmetric potential well in Section 4.7.

4.5.2 The Case E V0: Tunneling

Classically, we would expect total reflection: every particle that arrives at the barrier (x 0)

will be reflected back; no particle can penetrate the barrier, where it would have a negative

kinetic energy.

We are now going to show that the quantummechanical predictions differ sharply from their

classical counterparts, for the wave function is not zero beyond the barrier. The solutions of the

Schrödinger equation in the three regions yield expressions that are similar to (4.36) except that

2 x Ceik2x De ik2x should be replaced with 2 x Cek2x De k2x :

x
1 x Aeik1x Be ik1x x 0

2 x Cek2x De k2x 0 x a

3 x Eeik1x x a
(4.48)

where k21 2mE h2 and k22 2m V0 E h2. The behavior of the probability density
corresponding to this wave function is expected, as displayed in Figure 4.3, to be oscillatory in

the regions x 0 and x a, and exponentially decaying for 0 x a.
To find the reflection and transmission coefficients,

R
B 2

A 2
T

E 2

A 2
(4.49)

we need only to calculate B and E in terms of A. The continuity conditions of the wave function
and its derivative at x 0 and x a yield

A B C D (4.50)

ik1 A B k2 C D (4.51)

Cek2a De k2a Eeik1a (4.52)

k2 Cek2a De k2a ik1Ee
ik1a (4.53)
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The last two equations lead to the following expressions for C and D:

C
E

2
1 i

k1
k2

e ik1 k2 a D
E

2
1 i

k1
k2

e ik1 k2 a (4.54)

Inserting these two expressions into the two equations (4.50) and (4.51) and dividing by A, we
can show that these two equations reduce, respectively, to

1
B

A

E

A
eik1a cosh k2a i

k1
k2
sinh k2a (4.55)

1
B

A

E

A
eik1a cosh k2a i

k2
k1
sinh k2a (4.56)

Solving these two equations for B A and E A, we obtain

B

A
i
k21 k22
k1k2

sinh k2a 2 cosh k2a i
k22 k21
k1k2

sinh k2a

1

(4.57)

E

A
2e ik1a 2 cosh k2a i

k22 k21
k1k2

sinh k2a

1

(4.58)

Thus, the coefficients R and T become

R
k21 k22
k1k2

2

sinh2 k2a 4 cosh2 k2a
k22 k21
k1k2

2

sinh2 k2a

1

(4.59)

T
E 2

A 2
4 4 cosh2 k2a

k22 k21
k1k2

2

sinh2 k2a

1

(4.60)

We can rewrite R in terms of T as

R
1

4
T

k21 k22
k1k2

2

sinh2 k2a (4.61)

Since cosh2 k2a 1 sinh2 k2a we can reduce (4.60) to

T 1
1

4

k21 k22
k1k2

2

sinh2 k2a

1

(4.62)

Note that T is finite. This means that the probability for the transmission of the particles into the
region x a is not zero (in classical physics, however, the particle can in no way make it into
the x 0 region). This is a purely quantum mechanical effect which is due to the wave aspect
of microscopic objects; it is known as the tunneling effect: quantum mechanical objects can
tunnel through classically impenetrable barriers. This barrier penetration effect has important
applications in various branches of modern physics ranging from particle and nuclear physics
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to semiconductor devices. For instance, radioactive decays and charge transport in electronic

devices are typical examples of the tunneling effect.

Now since

k21 k22
k1k2

2
V0

E V0 E

2 V 20
E V0 E

(4.63)

we can rewrite (4.61) and (4.62) as follows:

R
1

4

V 20 T

E V0 E
sinh2

a

h
2m V0 E (4.64)

T 1
1

4

V 20
E V0 E

sinh2
a

h
2m V0 E

1

(4.65)

or

R
T

4 1
sinh2 1 (4.66)

T 1
1

4 1
sinh2 1

1

(4.67)

where a 2mV0 h2 and E V0.

Special cases

If E V0, hence 1 or 1 1, we may approximate sinh 1
1
2
exp 1 . We can thus show that the transmission coefficient (4.67) becomes

asymptotically equal to

T
1

4 1

1

2
e 1

2 1

16 1 e 2 1

16E

V0
1

E

V0
e 2a h 2m V0 E (4.68)

This shows that the transmission coefficient is not zero, as it would be classically, but has

a finite value. So, quantum mechanically, there is a finite tunneling beyond the barrier,

x a.

When E V0, hence 1, we can verify that (4.66) and (4.67) lead to the relations

(4.46).

Taking the classical limit h 0, the coefficients (4.66) and (4.67) reduce to the classical

result: R 1 and T 0.

4.5.3 The Tunneling Effect

In general, the tunneling effect consists of the propagation of a particle through a region where

the particle’s energy is smaller than the potential energy E V x . Classically this region,
defined by x1 x x2 (Figure 4.5a), is forbidden to the particle where its kinetic energy
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Figure 4.5 (a) Tunneling though a potential barrier. (b) Approximation of a smoothly varying

potential V x by square barriers.

would be negative; the points x x1 and x x2 are known as the classical turning points.
Quantum mechanically, however, since particles display wave features, the quantum waves can

tunnel through the barrier.

As shown in the square barrier example, the particle has a finite probability of tunneling

through the barrier. In this case we managed to find an analytical expression (4.67) for the tun-

neling probability only because we dealt with a simple square potential. Analytic expressions

cannot be obtained for potentials with arbitrary spatial dependence. In such cases one needs

approximations. The Wentzel–Kramers–Brillouin (WKB) method (Chapter 9) provides one of

the most useful approximation methods. We will show that the transmission coefficient for a

barrier potential V x is given by

T exp
2

h

x2

x1

dx 2m [V x E] (4.69)

We can obtain this relation by means of a crude approximation. For this, we need simply to take

the classically forbidden region x1 x x2 (Figure 4.5b) and divide it into a series of small
intervals xi . If xi is small enough, we may approximate the potential V xi at each point xi
by a square potential barrier. Thus, we can use (4.68) to calculate the transmission probability

corresponding to V xi :

Ti exp
2 xi
h

2m V xi E (4.70)

The transmission probability for the general potential of Figure 4.5, where we divided the region

x1 x x2 into a very large number of small intervals xi , is given by

T lim
N

N

i 1

exp
2 xi
h

2m V xi E

exp
2

h
lim
xi 0

i

xi 2m V xi E

exp
2

h

x2

x1

dx 2m [V x E] (4.71)
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The approximation leading to this relation is valid, as will be shown in Chapter 9, only if the

potential V x is a smooth, slowly varying function of x .

4.6 The Infinite Square Well Potential

4.6.1 The Asymmetric Square Well

Consider a particle of mass m confined to move inside an infinitely deep asymmetric potential
well

V x
x 0

0 0 x a
x a

(4.72)

Classically, the particle remains confined inside the well, moving at constant momentum p
2mE back and forth as a result of repeated reflections from the walls of the well.
Quantum mechanically, we expect this particle to have only bound state solutions and a

discrete nondegenerate energy spectrum. Since V x is infinite outside the region 0 x a,
the wave function of the particle must be zero outside the boundary. Hence we can look for

solutions only inside the well

d2 x

dx2
k2 x 0 (4.73)

with k2 2mE h2; the solutions are

x A eikx B e ikx x A sin kx B cos kx (4.74)

The wave function vanishes at the walls, 0 a 0: the condition 0 0 gives

B 0, while a A sin ka 0 gives

kna n n 1 2 3 (4.75)

This condition determines the energy

En
h2

2m
k2n

h2 2

2ma2
n2 n 1 2 3 (4.76)

The energy is quantized; only certain values are permitted. This is expected since the states of a
particle which is confined to a limited region of space are bound states and the energy spectrum
is discrete. This is in sharp contrast to classical physics where the energy of the particle, given
by E p2 2m , takes any value; the classical energy evolves continuously.
As it can be inferred from (4.76), we should note that the energy between adjacent levels is

not constant:

En 1 En 2n 1 (4.77)

which leads to
En 1 En

En

n 1 2 n2

n2
2n 1

n2
(4.78)

In the classical limit n ,

lim
n

En 1 En
En

lim
n

2n 1

n2
0 (4.79)


