Concepts of Gradient, Divergence, Curl and Related
Problems

THE VECTOR DIFFERENTIAL OPERATOR DEL, written V, is defined by
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This vector operator possesses properties analogous to those of ordinary vectors. It is useful in de-
fining three quantities which arise in practical applications and are known as the gradient, the diver-
gence and the curl. The operator V is also known as nabla.

THE GRADIENT. Let ¢ (x,y, z) be defined and differentiable at each point (x,y, z) in a certain re-
gion of space (i.e. ¢ defines a differentiable scalar field). Then the gradient of ¢,
written V¢ or grad ¢, is defined by
Vé = _a_[+.?_'+2k =aib_i+gé'+§2k
@ (ax dy I oz )b Ox dy ! 9z
Note that V¢ defines a vector field.

The component of qu in the direction of a énit vector a }s given byand is called the di-
rectional derivative of ¢ in the _direction a. Physically, this is the rate of change of ¢ at (x,y, z) in

{hedirection a.

THE DIVERGENCE. Let V(x,y,z) = I{Li + I;j + lgk be defined and differentiable at each point

(x,y,z) in a certain region of space (i.e. V defines a differentiable vector field).
Then the divergence of V, written V+V or div V, is defined by

Vv = (a%i + %j + %k)-(l{i + Ki+ kK

3, . oV, . dV,
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Note the analogy with A-B = A,B, + A,B, + 4,B,. Also note that V-V # v.V,

THE CURL. If V(x,y,z) is a differentiable vector field then the curl or rotation of V, written Vx V,
curl V or rot V, is defined by

Vxv = (ai;i + :a%j + il;)x(l/ii + Vi + VK
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Note that in the expansion of the determinant the operators f)% , B_ay R 53; must precede ¥, 1, ¥, .
SOLVED PROBLEMS
THE GRADIENT
1. If ¢(x,y,2) = 32y — y°2%, find Vb (or grad ¢) at the point (1, -2, —1).
\Y/ = _a_ i ﬁ 2, _ .32
(b (‘axl+ayj+azk)(3xy yz)
3 . 0
= i a(szy - yaz2) S | a_y(3x2y —-yazz) + k ‘éa;('.?.xzy —y322)
= 6xyi + (3x°—-3°2j — 2°:zk
= smEni + {3017 =311 — 2(-2 =Dk
= —12i — 9j — 16k
3. Find Vg if (@) p=1In|r}|, (b) ¢ = +.
(@) r=xi +yj+zk. Then |r|=Vx2+y2+22 and @ =1In[r| = $In2+y2+A).
Vo = %Vln(x2+y2+zg)
= %{i—a—ln(x2+y9+z2) + jiln(x2,+y2+z2) + k'A In(x2 +y2 +22)}
o 3 32
L[l 2y 2z - xi +yj +zk _
= i x2+y2+22 ‘,x9+y2+22 k x2+y9+zﬂ} T x2+y2422 0 12
0 Vp = Vdy = Vil = V{azey2+ )
r VaZ+y?+22 g
= i%(12+y2+22)-‘1/2 + j%(xﬂ +y2+22)" 1/2 + k%(x2+y2 +22)" 1/2
a/2

i{—2(2+y2422)” Pax} + j{—%(x2+y2+zg)—9/22y} + k{—%(x2+y2+z2)”3/222}

_ —xi—yj—zk T
(12+y2+22)3m P
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4. Show that V" = nr'" r.
v:" o= V(Vx2+y2+zg}n = V(x2+y2+22}n/2

i—d—i{(x2+y2+z2)n/2} + j%{(x2+y2+z2)n/2} + k—aa;{(x2+y?+z2)n/2}

= {26242+ T ) ¢ a2+ A T )+ k(B2
= n(x2+y +z'2)n/ (xi +yj + zKk)
= n(r2)n/2-1r = nrnqgr

Note that if r =rr, where r, is a unit vector in the direction r, then Vil gt |

~
@ Show that V¢ is a vector perpendicular to the surface @ (x,y,2) = ¢ where ¢ is a constant.

Let r=xi+yj+zk be the position vector to any point P(x,y,z) on the surface. Then dr= dxi +
dyj +dzk lies in the tangent plane to the surface at P.

But d¢p = ad)d + d)d +g¢d 0 or g¢i+:ggj+g¢k)-(dxi+dy]+dzk)=0
x z y z

ie. Vd) «dr = 0 sothat Vd) is perpendicular to dr and therefore to the surface.

6. Find a unit normal to the surface xgy + 2z = 4 at the point (2,-2,3).

Vidy+2z) = (xy+ 201 + «%j + 2k = =21 + 4j + 4k at the point (2,2,3).
y ¥

=21 +4j + 4k 1 2, 2
Then a unit normal to the surface = —_2-——41—-——___¥ = ——j +-j + -k,

Vi=fv@f e 3 33

2.

Another unit normal is %1‘ -3i- %k having direction opposite to that above.

7. Find an equation for the tangent plane to the suface 2v22—3xy~dx =7 at the point (1,-1,2).

Vil —3ay—4x) = (222-3y-4)i — 3xj + dxzk
Then a normal to the surface at the point (1,-1,2)is Ti~ 3j + 8k.

The equation of a plane passing through a point whose position vector is r, and which is perpendicular
to the normal N is (r—t ) -N=0. (See Chap.2, Prob.18.) Then the required equation is

(i +yj + k)= (1= +2k)] + (Ti - 3j + 8k) =
or Nx=1) = 3(y+1) + 8(z=2) = 0.

-t 22}



10. Find the directional derivative of ¢ =x%z + 4x2? at (1,~2,~1) in the direction 2i — j — 2k.

Vo

Viyz + 4x2) = (2xyz +42%i + 222§ + (<%y +8x2)k
8i—j— 10k at (1,-2,-1).

[}

The unit vector in the direction of 2i — j — 2k is
. 2i —j — 2k
V(2 + (1) + (=2)°

Then the required directional derivative is
. = e e . 2' _.l;' _Z = 1_6. _1_ @ = 3_7
V. a (81~ J — 10K) + (Fi — 31 — 5K +z+ :
Since this is positive, ¢ is increasing in this direction.
11. () In what direction from the point (2,1,~1) is the directional derivative of ¢ =#’yz® a maximum?
(b) What is the magnitude of this maximum?

Vo = Vily®y = 2y i + 225§ + 3Pyl k
—4i—4j+12k at (2,1,~1).

Then by Problem 9,

() the directional derivative is a maximum in the direction Veb = —4i —4j + 12k,
(b) the magnitude of this maximum is | V| = V=42 + (~4f + (127 = V116 = 4/11.

12. Find the angle between the surfaces x+y?+22=9 and z =x*+y2~3 at the point (2,-1,2).
The angle between the surfaces at the point is the angle between the normals to the surfaces at the
point,
Anormal to 22 +y2+22 =9 at(2,~1,2) is
Vb, = Vi@ +y2+:2) = i+ 20 + 2k = 4i - 2 + 4k
Anormal to z = x%+y°=3 or x°+y%=z =3 at (2,-1,2) is

Vo, = VixP4yP=z) = 2i+ yj—-k = 4i - 2§ -k

(V) (V) = | Viby| |V, | cos 6, where 6 is the required angle. Then

@-2+ k) (ti-2~K) = |4i-2+ek]| |4i-2~Kk]| cos &

16 +4 ~ 4 = V4P +(=22+42 V@P+=2F+(~17 cos 0
and cos O = & - %—5 = 0.5819; thus the acute angle is & = arc cos 0.5819 = 5425

6v/21



THE DIVERGENCE

15. If A = x%2i — 2y°2%j + xy%zk, find V- A (or div A) at the point (1,—1,1).

d 9., 0 .
V-a (5;1 + '5;] + a_zk)- (x%zi — 2%%%§ + 2y%2 k)

= %cx%) + B—ayt-zysf) + %(xygz)
= 2z — 6% +xy? = 211 — 6= + (1) (=1 = -3

16. Given ¢ = 2x9y2z4. (a) Find V-V (or div grad ¢).
2 2
(b) Show that V'Vgﬁ = V2q5, where V2 = _3_2 + -a_g
ox dy oz

H

@) Vb = i @YY 4 §2 (252 + k2 (2%%Y)
Ox 3 ?

Oy o2

= ey%ti o+ @t o+ sk

e 9 fe

Then V-Vo = (51 + g;j + k) (Bx %2t i + 4yt j + 8x%y% k)
= %(&%224) + %(41:93(24) + --a% (sxﬂyﬁz:a)

= 12027 ¢ 4%t o+ 200%?

. 949,29 9p. , 0P P
®) V-V (axi+ay1+azk)-(§;i+§;—j+—é—z—k)

_3.% ., 3 3 J 3 ¥p o | D
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= ('é:é*‘%‘g*'_—a%a)dJ = V2¢

17. Prove that V(1) = o,

Vz(l) = (j_.. ¥ @i ¥ _E.Q_)(—_l )
r ox®  Oy? 922 /2 ey?e s
9 1 d .2, 2 -1/2 2, 2, 2,=8/2
(=) = =—(x%+y?+7%) = —x(x’+y°+2%)
Ox \/x2+y2+42 x ¢
3_2 1 . 9 2, .2, 2,-3p
cxlver v R AL
2 .2 2
= 3x2(x2+y2+z2}—5/2 —_ (x2+y2+22).-3/2 = ..M

at (1,~1,1).

+ —3—2 denotes the Laplacian operal

(x2+ y2+ 22)5/2

Similarly,
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2
Then by addition, (%);2--!-3%-2-*38—;)(1/?:—;7?) = 0.

2
The equation V' b = 0 is called Laplace’s equation. 1t follows that ¢ = 1/r is a solution of this
equation,

THE CURL

23. If A ==x2"i — %yzj + 2yz*k, find V x A (or curl A) at the point (1,—1,1).
VxA = (ﬁi+i'+ik]xxzei-—27c zj + 2yz* k)
3t oyt T Yeir

k
.| 2 9 9

x dy dz

xz° —2x2yz 2yz4

LI CIPNTN- DA 3 CIP
= [ - (= i - 22 Z(—2Py2) — = K

[ayczyu = y2)]i + [az("“ S (%2 i + [ax( yz) ay(xz)]

= (2% + 2%)i + 3xz%j — 4xyzk = 3j + 4k at (1,—1,1).

24. If A = x%i— 2xzj + 2yzk, find curl curl A.

curleurl A = Vx(VxaA)

i i k
= Vx a% 58; 632 = Vx [(2x+22)i ~ (x"+22)k]
x?y -2z 2yz

i k
3 3 3
= -l = —= = (2x+2
> S 3% @+l
2x + 2z 0



21. Prove: (a) Vx (Vo) =0 (curl grad ¢ =0), (b) V-(VxA) =0 (divewl A=0).

ap 9P
a V V = v a_¢ — _
) Vx (V) Sregieg
i i k
a2 3
% Yy %
& % %
Ox 0y 0z
3% 3% 23,3 %, (223
= e} e — V[ | —(— Y = —(— Y 4 | — (=) - —(— k
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Yo o, Jo_Fo., Fo_To
Yo %y L Sn wu | Gy

provided we assume that ¢ has continuous second partial derivatives so that the order of differentiation is

immaterial.
i i k
VeVxay = V. |3 & 9
6y V- (VxA) > 3 %
Ay Ay Ag
oy, 045 Ody OA; OAg . O0d, 04,
= Vel - i g - g - oM
0 04y Od, 0 04, Odq 0 04y 04,
2y T YE R R Y
P4, 4, 4, A, 34, %4,

= - + _ + - = 0
3%y  9xdz Oy  Syox | x| 2 dy

assuming that A has continuous second partial derivatives.

Note the similarity between the above results and the results (CxCm) = (CxC)m =0, where m is a
scalar and C+(CXA)=(CxC)+A =0.



29. Prove V x (VxA) = —VA + V(V-A).
i i] k
v - 2 3 2
*(Vxa) = Vx50 5, %
A4 Ay A3
94 94 04 24 04 04
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—VA + V(V-a)



