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5.1 Normal Distribution

(a). One of the most important examples of a continuous probability distribution is the Normal
distribution, sometimes called the Gaussian distribution.

(b). Like Poisson distribution, Normal distribution is also a special case of Binomial distribution.

(c). Number of trials, n→∞ and probability of success, p→ 1/2.

(d). Important integral, I =
∫∞
0
xn e−αx

m
dx = 1

mα(n+1)/m Γ
(
n+1
m

)
where, Γ(1/2) =

√
π and Γ(n+ 1) =

nΓ(n), n is a fraction

n!, n ∈ Z+

(e). The density function for Normal distribution is given by

f(x) =
1

σ
√

2π
e−(x−µ)

2/2σ2

, −∞ ≤ x ≤ ∞ (1)

here, µ and σ are the mean and standard deviation respectively.

The curve y = f(x) = 1
σ
√
2π
e−(x−µ)

2/2σ2 is bell-shaped and symmetrical about the line x = µ

and is called the normal curve, shown in Fig. 5.1(a).

The corresponding distribution function is given by

F (x) = P (X ≤ x) =

∫ x

−∞
f(ν) dν (2)

If X has the distribution function listed above in eq. (2), then we say that the random variable
X is normally distributed with mean µ and variance σ2
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(a) The Normal Probability Curve (b) Standard Normal Probability Curve

Fig. 5.1: Probability Curves

5.2 Standard Normal distribution

If we put Z = X−µ
σ

, then Z is called standard variable corresponding to X .
The mean or expected value of Z can be obtained from eq. (1):

φ(z) =
1√
2π

e−z
2/2 (3)

this is often referred to as the standard normal density function.
The curve y = φ(z) = 1√

2π
e−z

2/2 is also bell-shaped and symmetrical about the line z = 0 and is
called the normal curve, shown in Fig. 5.1(b).

The corresponding distribution function is given by

Φ(z) = P (0 ≤ Z ≤ z) =

∫ z

0

φ(u) du (4)

Note:
∫ z1
0
φ(u) du represents the area bounded by the curve,

φ(z) =
1√
2π

e−z
2/2 and z-axis (0 ≤ z ≤ z1),

shown in Fig. 5.2.

Fig. 5.2: Area between 0 and z1.
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5.3 Mean of Normal Ditribution

Mean of Normal distribution is defined as

x̄ =

∫ ∞
−∞

x f(x)

=
1

σ
√

2π

∫ ∞
−∞

x e−(x−µ)
2/2σ2

dx [∵ f(x) =
1

σ
√

2π
e−(x−µ)

2/2σ2

]

=
1

σ
√

2π

∫ ∞
−∞

(σ z + µ) e−z
2/2 σ dz [Where z =

x− µ
σ

]

=
σ√
2π

∫ ∞
−∞

z e−z
2/2 dz +

µ√
2π

∫ ∞
−∞

e−z
2/2 dz

=
σ√
2π

(0) +
µ√
2π

√
2π [∵

∫ ∞
−∞

e−u
2/2 du =

√
2π]

= µ

Note: x̄ is also known as first moment, denoted by µ1.

5.4 Second Moment of Normal Distribution

Second Moment of Normal distribution is given by

x̄2 =

∫ ∞
−∞

x2 f(x)

=
1

σ
√

2π

∫ ∞
−∞

x2 e−(x−µ)
2/2σ2

dx [∵ f(x) =
1

σ
√

2π
e−(x−µ)

2/2σ2

]

=
1

σ
√

2π

∫ ∞
−∞

(σ z + µ)2 e−z
2/2 σ dz [Where z =

x− µ
σ

]

=
1

σ
√

2π

∫ ∞
−∞

(σ2 z2 + 2σ µ z + µ2) e−z
2/2 σ dz

=
σ2

√
2π

∫ ∞
−∞

z2 e−z
2/2 dz +

2µσ√
2π

∫ ∞
−∞

z e−z
2/2 dz +

µ2

√
2π

∫ ∞
−∞

e−z
2/2 dz

=
σ2

√
2π

√
2π +

2µσ√
2π

(0) +
µ2

√
2π

√
2π [∵

∫ ∞
−∞

u2 e−u
2/2 du =

√
2π,

∫ ∞
−∞

e−u
2/2 du =

√
2π]

= σ2 + µ2

5.5 Variance of Normal Distribution

Variance of Normal distribution is given by

V ariance = x̄2 − x̄2

= σ2 + µ2 − µ2

= σ2
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5.6 Standard Deviation of Normal Distribution

Standard Deviation of Normal Distribution is given by

standard deviation =
√

variance =
√
σ2 = σ

5.7 Some Important Results

• Φ(∞) = 1/2.

• If Z is standard normal random variable

P (a ≤ Z ≤ b) = Φ(b)− Φ(a)

• If X is normally distributed with µ, σ 6= 0, then Z = X−µ
σ

has standard normal distribution.

P (a ≤ X ≤ b) = P

(
a− µ
σ
≤ X − µ

σ
≤ b− µ

σ

)
• P (Z ≥ a) = Φ(∞)− P (0 ≤ Z ≤ a)

5.8 Examples

Example 1. Prove that:

(a) P (z1 ≤ Z ≤ z2) =
∫ z2
z1
φ(u) du Where φ(z) = 1√

2π
e−z

2/2.

Solution We have Φ(z) = P (Z ≤ z) =
∫ z
0
φ(u) du

∴ P (z1 ≤ Z ≤ z2) = Φ(z2)− Φ(z1)

=

∫ z2

0

φ(u) du−
∫ z1

0

φ(u) du

=

∫ z2

0

φ(u) du+

∫ 0

z1

φ(u) du

=

∫ z2

z1

φ(u) du

The area is shown in Fig. 5.3.

Fig. 5.3: Area between z1 and z2.
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(b) P (−z ≤ Z ≤ 0) = P (0 ≤ Z ≤ z)

Solution We have Φ(z) = P (Z ≤ z) =
∫ z
0
φ(u) du

∴ P (−z ≤ Z ≤ 0) =

∫ 0

−z
φ(u) du

=
1√
2π

∫ 0

−z
e−u

2/2 du [∵ φ(u) =
1√
2π

e−u
2/2]

=
1√
2π

∫ 0

z

e−t
2/2 (−dt) [putting u = −t]

=
1√
2π

∫ z

0

e−t
2/2 dt

=
1√
2π

∫ z

0

e−u
2/2 du

= P (0 ≤ Z ≤ z)

i.e., Φ(−z) = −Φ(z), This is shown in Fig. 5.4(a) and Fig. 5.4(b).

(a) Area between −z and 0. (b) Area between 0 and z.

Fig. 5.4: Area under the curve

(c) P (Z ≤ −z) = P (Z ≥ z)

Solution We have Φ(z) = P (Z ≤ z) =
∫ z
0
φ(u) du

∴ P (Z ≤ −z) =

∫ −z
−∞

φ(u) du

=
1√
2π

∫ −z
−∞

e−u
2/2 du [∵ φ(u) =

1√
2π

e−u
2/2]

=
1√
2π

∫ z

∞
e−t

2/2 (−dt) [putting u = −t]

=
1√
2π

∫ ∞
z

e−t
2/2 dt

=
1√
2π

∫ ∞
z

e−u
2/2 du

= P (Z ≥ z)

This is shown in Fig. 5.5(a) and Fig. 5.5(b).

5



(a) Area between −∞ and −z. (b) Area between z and∞.

Fig. 5.5: Area under the curve

Example 2. Suppose the diameters d of bolts manufactured by a company are normally distributed
with mean µ = 0.25 inches and standard deviation σ = 0.02 inches. A bolt is considered defective
if d ≤ 0.20 inches or d ≥ 0.28 inches. Find the percentage of defective bolts manufactured by the
company.

Solution Given µ = 0.25 inches and σ = 0.02 inches. We find P (0.20 ≤ d ≤ 0.28),

∴ P (0.20 ≤ d ≤ 0.28) = P

(
0.20− µ

σ
≤ d− µ

σ
≤ 0.28− µ

σ

)
= P

(
0.20− 0.25

0.02
≤ d− µ

σ
≤ 0.28− 0.25

0.02

)
= P

(
−0.05

0.02
≤ d− µ

σ
≤ 0.03

0.02

)
= P

(
−2.5 ≤ d− µ

σ
≤ 1.5

)
= Φ(1.5)− Φ(−2.5)

= Φ(1.5) + Φ(2.5) [∵ Φ(−b) = −Φ(b)]

= 0.4332 + 0.4938

= 0.927

i.e., The probability that the bolt is not defective, is 0.927. Therefore the probability that the bolt is
defective is 0.073. Hence the the percentage of defective bolts manufactured by the company is 7.3 %.

Example 3. Find the probability that 200 tosses of a coin will result in (a) between 80 and 120 heads
inclusive, (b) less than 90 heads.

Solution This is a binomial experiment B(n, p) with n = 200, p = 1/2 and q = 1− p = 1/2. Then

µ = n p = 200(1/2) = 100, σ =
√
n p q =

√
200(1/2)(1/2) =

√
50 ≈ 7.07

Let X denotes the number of times the head occurs.
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(a) We have to find P (80 ≤ X ≤ 120) or, assuming the data are continuous, P (79.5 ≤ X ≤ 120.5),
then

P (79.5 ≤ X ≤ 120.5) = P

(
79.5− 100

7.07
≤ X − 100

7.07
≤ 120.5− 100

7.07

)
= P

(
−2.90 ≤ X − 100

7.07
≤ 2.90

)
= 2 × Φ(2.90)

= 2 × 0.4981

= 0.9962

(b) We have to find P (0 ≤ X < 90) or, assuming the data are continuous, P (X ≤ 89.5), then

P (X ≤ 89.5) = P

(
X − 100

7.07
≤ 89.5− 100

7.07

)
= P

(
X − 100

7.07
≤ −1.48

)
= P

(
X − 100

7.07
≥ 1.48

)
= 0.5− P

(
0 ≤ X − 100

7.07
≤ 1.48

)
= 0.5− Φ(1.48)

= 0.5− 0.4306

= 0.0694

Example 4. Find the probability of getting more than 25 "sevens" in 100 tosses of a pair of fair
dice.

Solution This is a binomial experiment B(n, p) with n = 100, p = 1/6 and q = 1− p = 5/6. Then

µ = n p = 100(1/6) = 16.67, σ =
√
n p q =

√
100(1/6)(5/6) =

√
500/36 ≈ 3.73

Let X denotes the number of times the "seven" appears.

We have to find P (X > 25) or, assuming the data are continuous, P (X ≥ 25.5), then

P (X ≥ 25.5) = P

(
X − 16.67

3.73
≥ 25.5− 16.67

3.73

)
= P

(
X − 16.67

3.73
≥ 2.38

)
= 0.5− P

(
0 ≤ X − 16.67

3.73
≤ 2.38

)
= 0.5− Φ(2.38)

= 0.5− 0.4913

= 0.0087
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5.9 Problems

1. Let Z be the standard normal random variable. Find

(a) P (−0.81 ≤ Z ≤ 1.13)

(b) P (Z ≤ 0.73)

(c) P (|Z| ≤ 0.25)

2. Find z1 if P (Z ≥ z1) = 0.84, where z is normally distributed with mean 0 and variance 1.

3. Let X be normally distributed with mean µ = 8 and standard deviation σ = 4. Find

(a) P (10 ≤ X ≤ 15)

(b) P (X ≤ 5)

4. Suppose the weights of 2000 male students are normally distributed with mean µ = 155 pounds
and standard deviation σ = 20 pounds. Find the number of students with weights:

(a) less than or equal to 100 pounds

(b) between 120 & 130 pounds inclusive

(c) greater than or equal to 200 pounds

5. If a set of measurements are normally distributed, what percentage of these differ from the
mean by (a) more than half the standard deviation, (b) less than three quarters of the standard
deviation?

6. A fair coin is tossed 10 times. Find the probability of obtaining between 4 and 7 heads inclusive
of using:

(a) the binomial distribution,

(b) the normal approximation to the binomial distribution

7. If µ is the mean and σ is the standard deviation of a set of measurements that are normally
distributed, what percentage of the measurements are (a) within the range µ ± 2σ (b) outside
the range µ± 1.2σ(c) greater than µ− 1.5σ?

8. Find the probability that a student can guess correctly the answers to

(a) 12 or more out of 20

(b) 24 or more out of 40, questions in a true-false examination.

9. Assume that 4 percent of the population over 65 years old has Alzheimer’s disease. Suppose a
random sample of 3500 people over 65 is taken. Find the probability P that fewer than 150 of
them have the disease.

10. The mean grade on a final examination was 72, and the standard deviation was 9. The top 10

percent of the students are to receive A’s. What is the minimum grade a student must get in
order to receive an A?
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