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i IH;_,(.\-_ V)X (G v) 2] dy dy = jJ [EL(x, y) » HA(x, y) 2] dxdy

fork /#m (11.126)

wore the integral 1s over the entire trangverse croms section: the refeactive

and the modal field is defined by

L "

ol oo :
Lden distribution n7(x, y) can be arbitrary
[; squation

8. (x. )2, 0) = E (x, y) el =Pma) (11.127)

ndd similar ’L‘qlli“i(‘" r(“_' H: mrepresents the mode number. However, in the
sakly guiding approximation, which is valid for almost all practical
.aveguides, we can still use the orthonormality condition given by Eaq.
lmo.u where u,, is assumed to represent the transverse component of the
Jectric (or magnetic) field. In this approximation therefore, the entire
snalysis for the calculation of the excitation coefficient etc. [Egs. (11.101)-
(1.111)] remains valid.

Problem 11.5: Starting from Eq. (11.66) show that the TM modes satisfy the
tllowing orthogonality condition:

4o

(1/n ) H(x)HP*(x)dx =0  m#k
how that the above equation is consistent with Eq. (11.126).
(Hint: Use Eq. (11.12))

Problem 11.6: Consider a symmetric planar waveguide with ny = LS, n, = 1.49%
operating at 2, = 1 um with the fundamental mode having a propagation constant
of Bk, = 1.498. (a) Calculate the penetration depth 1/yin .thc fcm--:r. u»mm;pn the
“ngle at which the rays representing the mode are travelling in the wavegunde. ()
Clculate the width of the waveguide.

Answer: (a) 2.06 yum, (b) 2.96°, (¢) & 3.2jum).

9 geneous media: TE and TM

Maxwell’s equations in inhomo

modes in planar waveguides | . g T
In this section we will derive the equations which are the starting

s for moal analysis. We start with Maxwell’s equations, which foran
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340  Simplest optical wa veguide

isotropic, linear, non-conducting and nonmagnetic medium take (e for,

VX &= - 0B/t = — o0 H [0t (1112,
V x H =02/t = €,n*06 [0t (11129,
V-2=0 (11130
V-#=0 (11.131

where we have used the constitutive relations
B = poH | (11.132
D =€b = €en’E (11.133

in which &, @, 8 and # represent the electric field, electric displacement,
magnetic induction and magnetic intensity respectively, p. (=47
107 N's2/C2) represents the free space magnetic permeability, e[ =¢/K =
€on’] represents the dielectric permittivity of the medium, K and n are
respectively the dielectric constant and the refractive index and €, [ =8 854
x 10~ '2C2?/N m?] is the permittivity of free space. Now taking the curl of
Eq. (11.128) and using Eq. (11.129) we get

Vx(Vx &)= -u(]%(v X )= ~uﬂeon?'aj§
or

V(V-&) — V3 = —eouonzaazT(f (11.134)
Further

0=V-@ = ,V-(n2€) = €, [Vn2-& + n?V-&7
Thus

V-& = —(1/n’)yn*& (11133)
Substituting in Eq. (11.134) we obtain

l 0°6
V& + V(;if Vn"-c&") — €olih? -’-(,1-'-(-:- =0 (11.130)

The above equation shows that for an inhomogenecous medium the
equations for &, &, and &, are coupled. For a homogeneous medium.
second term on the LHS vanishes and each Cartesian component ot the
electric vector satisfies the scalar wave equation

In a similar manner taking the curl of Eq.(11.129) and using Eqs. (l 1128

sl
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11.9 Maxwell's equationy j, J'nfmm,.h
]

WS il 241
g (11.131) we 8¢t
ant
\,.-: W [‘- Vn? x (V x 4
H o+ B Lt O A
5 (11,417

. refractive index varies only i, the (¢
If the . W ransverse direc

. verse direction, je,
n? = ns(x,y)
) " , (11.138)
hen Writing each Cartesian compone

| ntol Eqs, (11,13
\_Scclh;nlhcllmcnml:p Bt

s artcan be sepyr
ex is independent of the z-coordin;

Jund (1] 137y one can
l | ated out, “Ihus, if the refractive
¢ . te then the solutions s 3
and (11.137) can be written in the form B ks
‘t:‘ — E(.\.. “.) cillt}f = fiz) (I i
139)
,)«q B H(.\-. -‘,) ci(tul“ fz) “ " (
1.140))
where fi is known as the propagation constant. Eqs. (11.139) and (11140,
define modes of the system and were discussed in Sec. 11.2
We next assume that the refractive index depends only on the
coordinate, 1.e., ,

-

2 .
n" =nx) (11.141)

Then even the y part can be separated out implying that the v and -
dependences of the fields will be of the form e *** 43 However. we can
always choose the z-axis along the direction of propagation of the wave and
e may, without any loss of generality put y =0. Thus we may write

(f.j _ Ej{x)ci(mr—ﬂ:]. j=x,pz (11.142)

y

: )

”#-.j = }lj{x) ci(ml’ - fiz). j =X V2 (l 1.143)

SUbsliluling the above expressions for the electric and magnetic fields in Eqs.
11128) and (1 1.129) and taking their x, y and z-components we obtamn

BE, = — impu,H (11.144)
() TE modes 1.145)
OE,Jox = — impoH . I'E modes (!

i S TIRY (11.146)
=ifH,— 0H J0x = iwegn*(X)Ey )
' ' ~ (11.147)
I{f”j, = jmen,,:&(x”gl )
I'M modes TEREAY

OH 18y — : 2 .
’}’/‘-‘x T l”}fu” (-r)l‘t t‘ ll'*‘-»

T ks iﬂl::x ~(F [O0X = ~ iopoly
he See. 112

68 s : G
“Quations were the starting point @
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simplest optical waveqyide
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(.l Introduction

An optical waveguide is a structure which confines and exides the
- ok

light beam by the process of total internal reflection. The most :_:, s o,

- b -..\.-'.- -

sed optical waveguide is the step index optical fibre which consiszs o 2
L\ImdnCﬂl central core, clad by a material of slightly lower refracisie imdier
see Fig. 11.1). If the refractive indices of the core and cladding are #,

Fig. 11.1 (a) A typical optical fibre waveguide consists of a thin cyvlindnics!
glass rod of radius a and refractive index n, clad by glass of slighth
refractive index n,. Light guidance takes piace 1hrouch the phen h-% non of
total internal reflection at the core—cladding interfaces. (b) The correspon

refractive index variation; for a typical (multimode) optical fivre . x 150,
ﬂzf\- 1. 49 a-»zs#m

e Lt

DN
-

(a)

. —— ——— -

=
=3
-

(h
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316 Simplest optical waveguide

respectively, then for a ray entering the fibre, if the angle of incidence gy
core—cladding interface) ¢ is greater than the critical angle ’

P =sin~(ny/my) (1.1

then the ray will undergo total internal reflection at that interface, F gy,
because of the cylindrical symmetry in the fibre structure, this ray wijj
total internal reflection at the lower interface also and will therefore 5,
guided through the core by repeated total internal reflections. This i 5.
basic principle of light guidance through the optical fibre. We will presess .
detailed electromagnetic analysis of the waveguiding action in optical fibrs
in Chapter 13.

The simplest optical waveguide to analyse is probably the plans,
waveguide which consists of a thin dielectric film (of refractive index ».
sandwiched between materials of slightly lower refractive indices. Suck
planar waveguides are important components in integrated optics which =il
be discussed in Chapter 14.

In this chapter we will present a detailed electromagnetic analysis of the
symmetric planar waveguide for which the refractive indices of the materizis
on the top and bottom of the film are assumed to be the same. Althougs

———
-

Fig. 11.2 (a) The simplest planar optical waveguide consists of a planar &im iof
refractive index n,) sandwiched between two materials of lower refractive
indices. Light guidance takes place by the phenomenon of total interns
reflection. (b) The refractive index distribution for a symmetnc planar

waveguide.
p*
Cover n=n,
9 Fil - 1 -
] ilm n=n
\‘/// ; —
Cover n=n,
(a)
1l n(x)
n
i —n,
!
{ :
(b)
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(1.1 Introduction &
tall wavepuides used inintegrated oplics are
L1

) ! - .
Al he clectromagnetic analysis of

At thal | :
[¢ 10 anderstand and at the same time
ISIC

s associated with the modes of u way
A LLL R i - .
“mlcwlmul the physical principles

asymmetnicin nature, we
P symmetric waveguide is much
I brings out almost all the sahient
eguide, therefore making it easier

§ of more complicated guiding
{

gructures. y .
Cn Fig 112 we show the light guid

weputde, The filmois assumed to exter
Wi ? . i
yopagation isassumed to be in the
| i

ance through a symmetric planar
i to infinity in the y-direction. The

-direction. We consider a bundle of rays
punched in the film of the waveguide. If ¢ represents the angle that a ray

makes with the x-axis then for total internal reflection to occur at the
interface of the film and the cover we must have

LS

(11.2)

(see Fig. 11.2), then for
to take place) we must

M/ <sing < |,

Thusif0is theangle that the ray makes with the z-axis
total internal reflection to oceur (or for light guidance
have

n,/np <cosll < | (11.3)
On the other hand, when

cos ) < n,/n, (11.4)

the angle of incidence at the film-cover interface will be less than the critical

angle and the beam will be partially reflected and partially transmitted. After
undergoing several such partial reflections, the beam will ‘leak away' from
the waveguide.

The above considerations are valid in the geometric optics approxim-
ation. In the following sections we will give rigorous solutions of Maxwell’s
equations for the refractive index profile shown in Fig. 11.2 and discuss the
concept of guided modes of the waveguide and their relationship to rays, In
particular we will show that for the refractive index distribution depending
only on the x-coordinate, i.c., for

n* = n?(x) (11.5)
axwell’s equations reduce to two independent set of equations: the first set
corresponding to what are known as TE (transverse clectric) modes where
the electric field does not have a longitudinal component and the second set
corresponding to what are known as TM (transverse magnetic) modes where
the magnetic field does not have longitudinal component. In particular, for

4 symmetric waveguide (like the one shown in Fig. 11.2) for which \

M

n*(— x) = n¥(x) (11.6)
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318  Simplest optical wa veguide

both TE and TM modes can always be classified under two catepore. i~

mmetric in x. We will derive ey, )
'i

svmmetric in x and the other antisy
from which the propagation characteristics are determined, and wify Ve 4

detailed discussion on the qualitative characteristics of modes which Wil be

valid for all waveguiding structures.
In summary, this chapter is completely devoted o the quantipyy,

understanding of a simple optical waveguide — but concepts derived fy,,,
this will be building blocks for more complicated structures.

11.2  Classification of modes for a planar waveguide
In this section we will discuss the broad classification of modes for ,

planar waveguide — this will be used in the next two sections where we wjj|
have a detailed modal analysis for a specific profile.

In Sec. 11.9 we will show that when the refractive index depends only op
the x-coordinate, the eclectric and magnetic fields associated with 2
propagating electromagnetic wave can be written in the form

§;=Efx)e ™) j=x,yz (11.7)
Hy=H )=t j=ix 3.2 (11.8)

where w represents the angular frequency of the wave and f} is known as the
propagation constant. Corresponding to a specific value of f, there is a
specific field distribution described by E(x) and H(x) and for these specific
distributions, the nature of the distribution remains unchanged with
propagation along the guide; such distributions are referred to as modes of
the waveguide. A study of the propagation characteristics and the corre-
sponding field distributions of these modes is of primary importance in the
design of efficient integrated optic devices.

If we substitute the above forms of the electric and magnetic fields
Maxwell’s equations (Eqs. (11.128) and (11.129)), it can ¢ asily be shown that
the different components of the electric and magnetic fields are related
through the following equations (see Sec. 11.9):

H =~ /” E (1
Mfty
| OE, 0
] = T . TR
H, Wit fl*c i‘ I'E modes {
oH, , m o
lﬁi! "{j‘; = I(JJEUK()()EP “l E
l

Scanned with CamScanner



(1.3 TE modes of Symmetyio Sep ind
P iniley

el 319
: 1
e (€ IK u
ol (X) (11.12)
R
©iwe K(x) 0y M s (11.13)
I)I‘.\'.."}-: “)“
dx 0fLy (1§.14)

ht.“* I\(\] n (\) € and Ho are the lIlLILLIIIL e ”””“v”’/ and magnetic
meability of free space. As can be gee g e

sy Ev He and H_ and the last three Cquations involve only £, £, and 1,
Thus for such a waveguide configuration, M
ndependent sets of equations. The firgt g corresponds Lo nonvanishing
walues of Ey Hoand Hoand with E, E_and 1y y Vanishing, giving rise to what
ore known as transverse electric (TE) mudes because the electric ficld has

only a transverse component. The second set corresponds to the nonvanish-
ing values of E, E; and H, with E, H, and H, vanishing, giving rise to what

“ ‘I]L ’" I [h”l l"‘l’!jjihr,:;q lfi"'i‘.'iitiﬂ

bl

axwell's equations reducs to two

Ly

are known as transverse magnetic (TMJ modes because the magnetic field
now has only a transverse component. The propagation of waves in such
planar waveguides may thus be described in terms of TE and TM modes. In
the next two sections we will discuss the TE and TM modes of 2 symmetric
step index planar waveguide.

113 TE modes of a symmetric step index planar waveguide

In this and the following section we will carry out a detatled modal
analysis of a symmetric step index planar waveguide. We first consider TE
modes: we substitute H, and H, from Eqs. (11.9)and (11100 in Eq. it L1l to
obtain

d2E /dx? + [kgn*(x) - p*1E, =0 (LL.13)
Where

b6}
ko = ulegpp)t = wfe “

s e e is the speed of hght o
> the free space wave number and ¢ (= L€gpto)?) is the spead ok R

fee S.p
- ila
hiteary X dependent profile
Um” now our analysis has been valid for an arbitrary ¥ depeiinty

; 1.3)
“Now assume a specific profile given by (e Vg |

n jul, |x| < d/2
KA PREN P

(Lt

(1118 subjest W@ the

Us; P
Sing the we will solve

above cqu:ni(ms
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' { I [5¥ we 1/,
( the discontinuities. Since £y,
. ’ T ¥
| the planes x = b d/2 they gy b
e I,,-npnrlnm:sl o db Jdx (s Fy

Ly conditions &
| components 01
- d/2 and since I,

appropriate bound:
represent tangentid
continuous at X

11.10)) we musl have
( ! :_*‘- {1/2 “!}{’

' < 7dy continuous 4t X
E, and dE,/dx contimt

the boundary conditions that have 1, e

+ ahove condition represents :
ek e l 1 Eq. (1 [.15) we obtain

satisfied.! Substituting for n(x) 11

d2E.Jdx? + (kant — BIE, = O; |x| < d/2 film (1119,
d2E, /dx? + (kgn3 — PHE,=0; |x|> d/2 cover (1120

For guided modes we require that the field should decay in 'thc cover (ie in
the region | x| > d/2) so that most of the energy associated with the mode Jie;
inside the film. Thus we must have’

B* > kgn3 (11.21}

Furthermore, we must also have B2 <kgni, otherwise the boundary
conditions cannot be satisfied® at x = + d/2. Thus for guided modes we must
have

kot 25" < oty (12

We therefore write Eqs. (11.19) and (11.20) in the form

d’E,/dx* + K’E,=0;  |x|<d/2 film (1123
d’E,/dx* —y?E,=0; |x|>d/2 cover (1124

where
K* = kini — 2 (1123

t

The very fact that E, satisfics Eq. (11.15)
continuous unless n*(x) has an infi
?f E} is discontinuous then E;
inconsistent equation, Thus
equations.
When 12 < kZn?, the soluti
Cmrcgp{md, ll:,r\r'jl.l lth solutions are oscillatory in the region [v] =2 and B
it Lk :,'lw‘}llr't'lkm’wn as radiation modes of the wavepuide, These e
e e in)tt:rhclz .1 u:lulcrgu refraction (rather than total internal ellectiont ¥
core of the W'tvcgi;itlt '“:;( LR Areexcited, they quickly loak away fam ¥
< i = D0ME aspecty adiati AT v @
Chapter 12, EPeets of radiation modes will e disies
Y1t is left as an exercise for the re;
assume decaying fields
+d/2 and

: also implies that £, and 4k, dy aw
nlimite discontinuity. This follows from the fact that
will be a delta function and B (1118 will ead o 2%
the continuity conditions are imbedded i Mawes

-

i wder to show
M the region | v
aying \
atx = —d/2 can nepe

Tu & k\\‘
that if we assuie if = Agni and 48
» b = d/2 then the honndary condiions 44
¢ sitishied (3¢ nlso Problem HERY
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’I.j ?111' r'lt"’f'.\' “_f. .‘:‘l,”r"‘.’ri‘i .‘“"l hﬂh'," b

vaveuldy A4
;lﬂd
3 = B2 — kdnd ()i /¢
/i)
: ) : : AR LR '
- rhe solution of Eq. (11.23) can be Written in the forp,
'é E(X) = ACOSKN -+ Bin gy | x|« df2 (4.2
r - are cons |
! where A and 33 are constants. In the region v . d/2 and « diz 1
. ~ £ sl ¥X, H ey » LY : o . .
solutions are e " " and if we neglect (he exponentially amplifying one e i
obtain i
E.(x) = Ce™ xe —d/2
: ETDeT™ x> dp (11.28)
Ifwe now apply t-hc boundary conditions (viz., continuity of £, and d£_/d » z1
v= +d/2) we will get four equations [ro : s

m which we can get the transcend.
the allowed values of . This is indeed
ng the propagation constants (see eg,
active index distribution is symmetric

ental equation, which will determine
the general procedure for determinj
Sec. 14.2); however, when the refr
about x =0, L.e., when

n*(— Xx) = n?(x)

(11.29)
the solutions are either symmetric or antisymmetric functions of x: thus we
must have

E(—x)= E,(x) symmetric modes (11.30)
E(—x)= — E,(x) antisymmetric modes (11.31)

(The proof of this theorem is discussed in Problem 11.10.) For the symmetric 9
mode, we must have

Acoskx; |x|<d/2 (1132
HiE)= Ce "xl |x|>df2 (11.33)

Continuity of E,(x) and dE /dx at x = £ d/2 gives us

Acos(kd/2) = Ce 72 (11.34)
and |
— KkAsin(kd/2) = —yCe 2 (LN
respectively. Dividing Eq. (11.35) by Eq. (11.34) we get
)
(kd/2)tan (kd/2) = (yd/2) ARG
Since
v
V= B2~ kdnd = ki(n} = n3) ~ K* (A%
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322 Simplest optical waveguide

we may wrile

ydf2 = (V34 = 1)

i
where
&= Ndf2 = lkf,n; - f:-;*d::

and
V = kod(n? — n3)!

“}'”{}
“I hji

is known as the dimensionless waveguide parameter. Thus Eq. () 1.36) cayy e

put in the following form:

Etané = (V4 - )

Similarly, for the antisymmetric mode we will have
Bsinkx; |x}<d/2
By I X pe- |x|>d/2
x]

Following an exactly similar procedure we get

—Ecoti=(V?/4 - )

“I.«i]}

(11.42)
(11.43)

(11.49)

Fig 11.3 The variation of  tan ¢ (solid curves) and — {cot§ (dotted curves) as
a function of . The points of intersection of the solid and dotted curves with
the quadrant of a circle of radius V(= V/2) determine the propagation
constants of the optical waveguide corresponding to symmetric and

antisymmetric modes respectively.

&0

4.0

—
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rhus: we have
:l:lni_f == [VE: 32 ‘:J'.li symmetric ¢yge (11.45)
_Eeoté=[V5— & antisymmetrie case (1146
wher¢ Vy=V/2= kod(n? — n3)/2 (11.47)
gince the equation
n=(V3—&H (11.4%)

gpresents & portion of a circle (of radius Vo) in the (&, n) plane, the numerical
waluation of l-lle 'flllowcd values of ¢ (and hence of the propagation
«onstants) is quite simple. In Fig. 11.3 we have plotted the functions Ztan &
solid curve) and — &cot ¢ (dotted curve) as a function of ¢. Their points of
qersection with the quadrant of the circle determine the allowed values of '3
and if we use Eq. (11.39) we can determine the corresponding values of £.

11.3.1 Some general comments about the modes
From Fig. 11.3 we can derive the following conclusions:
(@) If 0 < Vy < m/2, i.e., when

O<V<n (11.49)

we have only one discrete (TE) mode of the waveguide and this mode is
symmetric in x. When this happens, we refer to the waveguide as a “single
moded waveguide’. For example, if 4, = 1.5 um, n; = 1.50, n, = 1.48 then
for single mode operation we must have

%d[(l.SO)z —(1.48)*) <n

Where d is measured in microns. Solving we get

d <307 um

We wily show below that if the operating wavelength is made smaller, the

s waveguide will be able to support more than one mode, .

| *a-iuj}from Fig. 11.3 it is casy to se¢ lhlnt if /2 -j:‘l-’u -::lr: ltl‘l', r':“m i}«'-:l we
ave one symmetric and one antisymmetric Mode. i EEREE

M < V < (2m + 1)n P

antisymmetric muodes and if

(tLSD)

'v'fc p
W T
l“ havc (”'l <+ l) Hyn]m(ﬂric "u".lc.'h ‘"“l m

@mt \yn < v < (2m+ 2n
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324 Simplest optical wavegulde

we will have (m |+ 1) symmetric modes, and (mll 1) ,;1.:~at:1:;;/i;r1;rftr;w Miode
where m =0, 1,2,.... Thus the total number of o ’ , n-'::.l,‘ fﬁ .m"g?l‘-’_r
closest to (and greater than) ¥/, Thusfor the levtr;’{l'ri'!-’: ¢ ‘f’!“r“}*‘-ﬂ ‘f‘:f :Tftjﬂ‘:-’:,_li_f
the operating wavelength is made 0.6 gm then | ' 2.5n ::n. wreiore we wiy
have three modes (two symmetric and one :mltn;/fruntlm)- ™
() When the waveguide supports many modes (1., ':vh!:n V 2 iih, Pomts

of intersection (in Fig. 11.3) will be very close to £ n/2,n, In ?-s,.f:‘-.c. thus IE‘-.(;:
propagation constants corresponding to the first few modes will be 2ppreyi.
mately given by the following equation

E=¢,=(kgn} = p2Yd2=(m+ )nj2; Voo (11.52
where

m=0,2,4,... correspond to symmetric modes
and

m=1,3,5,... correspond to antisymmetric modes

(d) It is obvious from Fig. 11.3 that for the fundamental mode (wh:

.
ICTT W

will refer to as the zero order mode), ¢ (= kd/2) will always lie between 0 an

o

d
Fig. 11.4 The solid curves represent the modal fields for the symmetric step
index planar waveguide with V'=4.4n; even and odd values of m cormespond to

)

symmetric and antisymmetric modes respectively. The dash
the fundamental mode for V=08 7. All modes h

ed curve repeesents
]

ave been normalined

-
(S

e e ’:'Jm
the same power.
E[(x)
= 2 In

B m = |

Film-cover ikl Y.

interface

V, = 0.4n e

Rl

FEESORG, .. - ..
-20 - 1.0 L

ool

Scahned With CamScanner



Al :‘ ’ .‘. . ¢ '

113 TE modes of symmetye Sep indey /
N wavegulde vy
. corresponding field variag i

y and the _um.L pet ling field variation, 2 0x) will e
1~ mt“{‘: u\rhlch will be antisymmetric i:t X)X Ve no zeroes, Vot the

wV 2 and mand therefore the cory o wed[2) vl always Tie

S 0). Tt is casy to sortesponding £ (x) will have only one
. . . Wi 3 Al 4 il L - }:;‘;t

0 @t extend the analysis and prove thit y

i 4 L

the m'™ mode will have m zeroey
. (11.53%;

» above st.:ucmcnl 1s valid for an arbitrary waveguiding structure. The
.mu;ﬂ plot of the modal l’_‘mc“‘ for the first few modes is 'sllt;'é.:ll in ¥ irf"! I”:
- be noted that the field spreads out more as the »Qz;Vcicrwl}]x rfrf :
oY pumber decreases. o

o) We define a dimensionless parameter
32/k2 — n3 :

p=t 2=

= ni—nm VZ2/4

1
—
—
e
Uiy
i~

The quantity b is usually referred to as the normalized propagation
onstant). The allowed values of ¢ (and hence of b) are calculated using Egs.
11.45)and (11.46) for different values of V. The corresponding variations £ 5
sith v are plotted in Fig. 11.5 for the first few modes. The curves ars
uiversal. i.e., for a given waveguide and a given operating wavelength we

ha ayact

have first to determine V' and then to ‘read off’ from the curves the &xadt
values of b from which we can determine the values of f by using the

ropagation constant b as a functwon

eguide. The solid and the dashad
at wihied

Fig. 11.5 The variation of the normalized p
of V for a symmetric step

curves correspond to TE
at is known

index planar wav he
and TM modes respectively. The value of
h =0 corresponds to Wh as the cutofl frequency.

1.0

h
0.5

o \1'1
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326 Simplest optical waveguide

following equation:

B = kiln3 + blni —n3) ] (11 56
[t may be noted that since for guided modes

n < p/kd <nt (5] 4
We must have

O<h<l (§1 29

Since for a guided mode f cannot be less than nyke, when (for 2 paes,.

mode) f reaches the value equal to n,k,, (i.c., when b becomes equa) 1, re16);
the mode 1s said to have reached ‘cutolf. Thus at cutoff

B =n,k,, y=0 and h =0

For the symmetric waveguide that we have been discussing, at cntoff =y
=V, and hence the cutoff of TE modes is determined by

—
.

) V .
3 tan (;) =0 symmetric modes

V 4 : g
5 cot (7) =<k antisymmetric modes

The above equation implies that the cutoff V values for various modes arz
given by

V.= mmn; m=10,123.... (11.38)

where even and odd values of m correspond to symmetric and antisvmmetric
modes respectively. Notice that the fundamental mode has no cutof and
therefore there will always be at least one guided mode. The physical

understanding of cutoff will be discussed at the end of next section.

11.3.2 Physical understanding of the modes

In order to have a physical understanding of the modes we consider
the electric field pattern inside the film (—d/2 < x < d)2). For example, for 2
symmetric TE mode, this is given by (see Eq. (11.32)):

E (x)= Acos kx
Thus the complete field inside the film is given by
8, = Acos kx el

£ % A chl = flz = xx) - i A cl{ml‘ “flE by u ‘SQ\

a
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wow ot ~Aax ~hyy —ha2)
] L‘

(11.60)

ents wave propagating "IH"H the direction
s . . e R i j
el u“,m-ms arc k,, k,and k, respectively, Thus
\"'n” (11.59) we have

B

ol

\

of k whose «, v and z-
orthe two terms onthe RHS

k"_ = "}_‘ N, L‘ = {) Ellll| k: m ﬁ {I "{Jlj

Jhich represent plane waves with propagation vectors parallel to the x z
ne making angles + 0 with the z-axis where
F-.

fan 0= k/k, = r/f (11.62)

T cos0= BB+ kI = Plkgn, (11.63)
Thus a guided mode can be considered to be a superposition of a pair of
slane waves which are propagating at angles + 0 (= +cos '(ff k,n,)) with
:he -.axis (see Fig. 11.6). Since only discrete values of ff are allowed (which we
gsignate as f8,,), only discrete angles of propagation of waves (or of the rays)
ire allowed. Each mode is characterised by a discrete angle of propagation
4_ We will use this concept to derive the eigenvalue equation in Sec. 14.3.

The concept of the cutoff of a mode can also be easily understood from the
above discussion. Since the guided waves correspond to

n, < flko <n, (11.64)

we have

ny/ny <cosf <1 (11.65)

The condition that S8 cannot be less than n,k, implies that cos # shﬁould be
greater than n,/n, which is nothing but the condition for total internal
rellection at the core—cladding interface (see Eq. (11.3)) Thus bc}'om‘l cutofl,
le, for V < V., the component waves no longer undergo total internal

ellections at the boundaries.

x waveguide corresponds to the
the film) propagating at particular
es will correspond to different

Fig. 11.6 A guided mode in a step ,i"d.c
superposition of two planc waves (inside
angles + () with the z-axis. Different mod
(discrete) values of 0,
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328  Simplest optical wavegnide

1.4 'TM modes of a symmetric step """}" planar Wi veguide
In the above discussion we have considered the TH yode, 4

also be perforimed fo; 4, ‘
; : 4 ; i H,{
modes which are characterized by field components L Veand I (o o

’

(11.12)-(11.14)). If we substitute for £, and £, from Egs. (01 2)and i 100

waveguide. An exactly similar analysis cin

v

F Yl
J

Eq. (11.14) we will get

d[ 1 dH » 3 n2
200 o | e 2200 | (k20?2 - f)H, =0
: ""dx[nft.\-) dx ] Ll 1146,

which can be rewritten as

dzHJ. | dllz d”}, iy i o ;211( - U it 4
dx? _[112(.\‘) dx :l dx + [hon(x) — 47 JH,{x) 14

The above equation is of a form which is somewhat different from o,
equation satisfied by E, for TE modes (see Eq. (11.15)); however, for the s

index waveguide shown in Fig. 11.2, the refractive index is constant iz e
region and therefore we have

d2H,/dx? + (kin — B)H ()= 0;  |x]| <d/2 (1168
and
d?H,/dx* — (B* —kgnp)H(x)=0;  |x|>d/2

We must be careful about the boundary conditions. Since H, and £, =2
tangential components on the planes x = + d/2, we must have (se2 £g
(11.13))

1 dH ;
H, and i ai continuous at x = +

(1.7

RS TR~

This is also obvious from Eq. (11.66)". The solutions of Eqs. (1168} an
(11.69) can be written immediately. Considering first the symmetric mo&s
we have

_ Acoskx; |x[<d/2 i‘{"i."’-éf
H”(XJ_{BC“""": |x| > d/2 L

: 9 i )
where the symbols « and y are the same as given by Eqs, (11.28) and {11

naows AL

" Once again the condition that H, and (l/ni]tlH,._ﬁI\ should be conty -
i[‘\\\i\hﬁik

+d/2 follows from Eq. (11.66) because if (1/n*)dH dy way G,
d/dx[(l/n’)”’,,] would be a delta function and Vy. (11.60) woukd }‘\N_. \x n
inconsistent equation. Thus the continuity of 1, and (1/a)H, & CORTATIRY
Eq. (11.66).
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14 ™ modes of symmeryic Mep index wayeguid
vegulde

Y4
JJary conditions given by .
¢ hl.)l” y I . “ l.?”) 2Ive s
A cos (kd/2) = Be v
(13,735
l {)sin Kd) l (
s = ARSINS= N = (g a2
n Soife bemg v TR ) (11.74)
iding We 8¢t
an(rxd/2) = n2/n?h
xtan(kd/2) = (ni/n3)y (38,75
rF o7 7y
pich can be rewritten in the form
v Y (/W2 e\ s _n
ftané = (ny/m3)(V§ — &) symmetric TM modes (11.76)

\ similar derivation gives us

2 £ —_ (n2/n2 2 .
—ceotc=(ni/m)V5—<C*) antisymmetric TM modes (11.77)
+here, as before,

& =kd/2 = (k3n? — p*)id/2
and
V, = V/2 = kod(n? — n2)}/2

The numerical solutions of Egs. (11.76) and (11.77) can be discussec m 2
manner exactly similar to the TE case with the difference that the RHS of
Egs. (11.76) and (11.77) now represents an ellipse whose semimajor axis
(along the »-direction) is of magnitude (n,/n,)V, and whose semi-minor axis
ong the &-direction) is of magnitude V,. All qualitative conclusions
discussed in Sec. 11.3 for TE modes (viz., the cutofT [requencies and number
of zeroes of various modes, the physical interpretation of modal fields 2tc)
will remain valid. We should also mention the following three poinis:

(a) Although a waveguide for which 0 <V <mis referred 1o as a single
Moded waveguide, we actually have two modes (one TE and one TN}
Fharacterized by slightly different propngution constants. However, the
cident field is usu ally linearly polarized and if E is along lh;? ,v-:n?& :heﬂ't“??
Mode is excited and if E is along the x-axis, the TM mode 1s axcited. Tais
“ultis quite general and is valid for all planar waveguides. On "‘f’ other hand,
the incidcni field has a polarization which makes an -'.l“?;l(.‘ with the -
'Or’_i“hc field is elliptically polarized) then both TE :md‘l“M m‘?dlcs \\Iih
iteq g because they have slightly different Propagation CoNSIANI, “‘
Wil SUperpose with different phases at different values of z changing the state
? “ Iesultant polarization. As an example, we

consider the moidence of a
| o an angle of 437 with
iy Polarized wave with the electric vector making an angle of
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330 Simplest optical waveguide

the x and y-axes. Thus at z= 0 we have

§ =*-(‘Tncns45cosmr} Field distribution
X

(1174
8§, =EysindScoswt | al 2= 0 1%

where &, represents the transverse variation of the modal lllcld which
have assumed to be the same for the TE and TM modes (see Eqs, (11.32) 44
(11.71) - the values of ff are assumed to be nearly equal). If the propagatio,
constants for the TE and TM modes are denoted by fi, and (f, - Af,
respectively, then the field distributions for z > 0 will be

8o
) L . Field distribution
] at z>0 (11.79)

™: &6,= So cos [wt — Boz + ABoz]
v, 2

It can be readily seen that at z=m/(2AB,) the beam will be circularly
polarized and at z=n/(AB,) the beam will be linearly polarized (with the
electric vector now at right angles to the original direction) - for intermedi-
ate values of z the beam will be elliptically polarized. For a distance
z=L,=2n/AB,, the original polarization state is restored and this
characteristic length is referred to as the beat length.

(b) Similarly, for n < V < 2r, although the waveguide is referred to as a
‘two-moded waveguide’ there are actually four modes (two TE and two TM)
etc.

(c) For most practical waveguides, n, & n, and the propagation constants
(and the field patterns) for the TE and TM modes are very nearly equal.

Problem 11.1: Consider a planar symmetric waveguide with n, = 1.5,y = 1.0 and
V = 3.0. Assuming A, = 1.3 um calculate Af3, and obtain the corresponding beal
length.

(Answer: frg = 6.4574 ™", fry =6.0393 um ™", Ly, > 15 jm.)

115 The relative magnitude of the longitudinal components of the
E and H fields

We first consider the TE modes. Using Eqs. (11.9) and (11.100W¢ el

Byl c1{0E 0 180
i\~ Bl E, it
Now from Eq. (11.32) we have (inside the film)
Ey .|« 1 lil‘S!l
OE,[0x| K

d
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[1.6 Power assoctated with o mode

331
esents the characteristic distance (o ; T
hich [-c]‘ltf‘w_“'“ ‘ ¢ distance for the Spatial vanation in the
" firection. Thus
vl
/
' w*=kony —
- cadily have
hﬁ e U"ﬁ”'fe’;b“ e ”i (1 !,83)
\ow, the guided modes correspond 10
n3 < p2/ks < ni
therefore
2 F%4
K ”l . ’1) i
O<=<| ——=
B n (11.84)
Thus

H. n? —n?\}
\H—’ﬁ(l‘n——) (11.85)

For n; x 1.50 and n, ~ 1.49, the RHS of the above equation is about 0.1
which shows that the longitudinal component is very weak in comparison to
the transverse component. Thus, as long as n, ~ n,, the mode can be
approximately assumed to be a ‘transverse electromagnetic mode™. The same
s also true for the TM modes.

The above discussion is valid, in general, as long asn, x n,. In Sec. 14.2 we
will discuss asymmetric waveguides where the refractive index of the
material on top of the film (n,) is different from that of the material below the
film (n). However, as long as n, and n, have values which are close to the
relractive index of the film. the mode will be approximately transverse in
both E and H fields. In Sec. 13.5 we will discuss round optical waveguides
With cylindrical symmetry - even there, as long as the cnrc‘un-.l‘cl;uidmg
elractive indices are nearly equal (which is true for uH' pr:wmtul l.ll\l'k“\‘l the
“Neitudinal components of the electric mld'“mmmw.‘,I?,lth.'::‘ ‘11511‘;11:}
Tegligible in comparison to the ‘clur@-‘*l“;'?"&‘f{ir;::'::_:: J\T:;n:}!:n":?n $

N this is the case, the waveguide 1s relerte ‘ A -

i _ 2
§° Power associated with a mode

In this section we will calculate I‘Iu. Fid
%de. The power flow is given by (see Fq- (192

powel aasoctated with the TE

(1LNO)
<S> z= %Rc‘ﬂ % )
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332 Simplest optical waveguide
Now for the TE mode we have (see Eqs. (11.7) - (F1.11))

&, = E(x)c"® )

{1 f_i:.‘h
’ I; ® ﬂ r (\?)U""" fiz)
=——4¢@3,=——hL)} (15 42
s Wiy’ wpy Mg,
and
(.,,{.- = i (7(5‘}, _ i d ":}’_ c“m' ; 'ﬂ:] {! I ;,rj
T owpy 0x wpy dx 4)
Using the above equations we readily get (S,) =0 and
(8. =}4Re(8,#3)=0 (1156
Since E, is real. Further,
(S.>= —3Re(&,#*) (11.91
or
_ P e :
¢S, y= e |E,| (11.92

Although the above expression is rigorously valid onl y for the TE mode in 4
slab waveguide, it is approximately valid for all waveguides in the weakl;
guiding approximation.

The power associated with the mode (per unit length in the y-direction)is
given by

p=5-L mlE 1>d (1193
5= 2 oy | _ o, y X o
We consider the symmetric mode (see Egs. (11.32) and (11.33)) for which
1 B d/2 R
P=- ———-2(‘42‘[ COSz KX dx + CZ J~ e~ dyx d\.) Hlﬁ.‘,l
2 wp, . .
or
- i ,fd 1 & ciy . y
i 2(1);10 A 3 + Ao sin kd + ;-1—2- -).] e

If we now use Eq. (11.34) for C/A we get

2 o e find 75 3
ML, K y ‘
i . _‘. . 2 08 (vd /D
4””!0 '}’ '}Ih- A i
e (14)
dap, Y .

where we have used Eq. (11.36).
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1.7 Rudmﬂml modey

Lr

33
1. 2: Show that e¢ven for the
m

mnbsymmetpic Vb npode. the gt
ed (per unit length in the y-

f "H dircetion) i piven by 1ig. (11,9%)

e 1.3 CAFTY QW the analysis of power low of ‘IM modes and
!

i .
A Ld yny)? k! nj}
) = - {11 44
} b - Al 4 N y
€My | < A (15T niy?)
poth symmetric as well as antisymmetric modes.
jor v g
Pr*”""'””’" Consider a symmetric planar waveguide with the following
L

qrameters:
3

ny = 1.50, ny,=148, d= 3912 ym

\ 1, = | um, (@) show that there will be unly two TE modes, the cor
- oplL ation constants being 8, = 9.4058 pm-

1\\Ul'l'll. that the field in the core is given by

e -r|¢

A an
Toep -

TaoTRE

Yand f§, = 9.3525um . (b) AL - =6

E,(x) = 1.375 x 10% cos koxe™' + 1.309 x 10* sin k,xe™ V/m

show that equal power of 1 W is carried by the two modes. Calculate the transssrue
mntensity distribution at

=0, n/AB, 2m/AB
where Af = f, — f,. Interpret the results physically.

117 Radiation modes

Till now we have considered the guided modes of the waveguide for
which

n3 < B2/k3 < nd.
There exists another class of modes for which'

B2IkE < n2

(1187

hese are referred to as the radiation modes of the wavepmide. 1t can e
mmndldtcl,‘f seen that for (f2/k2) < n3 the wave equation (say for the TH

odes) in the region | x| > d/2 takes the form

d*E 2 i A (119
hege © o/dX? + 67E, =0

: _ LRR
| 6 0"2 /i ‘
#,-h'lch

1 the region [ & 2
il b > oW a positive quantity, thus the solutions i 8

Yavelike of the form
@b R ML
1 . a

I8 impossible 1o have fik, = n, (see Problem 11.8)
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