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Canonical Form (Continue)

)’Hyperbohc Type

If B’ B2 —4AC > 0, then integration of equations (4.2.5) and (4.2.6) yield
two mancﬁ families of characteristics. Equation (4.1. 11) reduces
to . )

ven = Hi, (4.2.7)

where Hy = H*/B*. It can be casily shown that B* # 0. This fornis called
WMOM of the hygcrbolzc equalion.
Now if new independent variables

a=E+, b=E—1,. (4.2.8)

are 'mtro%iuced, then equation (4.2.7) is transformed into

—Ugp = H, (a$ ﬂi ul uaxuﬁ) (4.2.9)

This fotm is called the second d canonical form of-the-hyperbolic cquation.

(_B).Parabohc Type
In this case, we have BZ — 4AC = 0, and equations (4.2.5) and, (4.2.6)
_coincide. Thus, there exists one real famxly of characteristics, and we obtain
only a single integral £ = constant. (or 7 = constant). =
Since B2 4AC and A* =0, we find that

A=A+ B, + CE2 = (VAL + \/65,,)2 =0

Erom this it': follows that
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. A* =240+ B (5::77;, i fy’h) i3 2C€uny
=2 (\/Zf; + \/—5'63,) (\/ZTIx + \/any) = 01

for arbitrary values of .z 2rwhich is functionally indepes:dent of & (z,y);
for instance, if n = Ys the Jacobian does not vaunish in the domain of parabol-
icity. '

Division of equation (4.1.11) by C* yields

'-"'m‘ = Hj (&17, @i: Ug, uq) ) C*£D. (4.2.10)

This is called the canonical form of the parabolic equation.
Eqbation (4.1.11) may also assume the form

uge = Hy (6,7, u,u¢,uy), : (4.2.11)

if we choose 7 = constant as the integral of equation (4.2.5).

(C) Elliptic Type
For an equation of elliptic typg, we have B2 — 4AC < 0. Consequently,
the quadratic equation (4.2.4) has no real solutions, but it has two complex

conjugate solutions which are continuous complex-valned functions of the

real variables = and 3 Thus, in_this case, there are no real characteristic
curves. However, if the coefficients A, B, and C are analytic functions of
z and y, then one can consider equation (4.2.4) for complex z and y. A
function ‘of two real variables z and y is said to be analytic in a certain
domain if in some neighborhood of every point (Zo,%0) cf this domain, the
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furiction can be represented as a Taylor series in the variables (2 — z¢) and

¥ ;isrlloc)(; € and 7 are complex, we introduce new real va.riagl__&e
1 R
N a=£(£+n), B=5(—m), (4.2.12)
4_,2-—-" g 2 —————
so that
£ = a+if, 7 =a—1if. (4.2.13)

First, we transform equations (4.1.10). We then have

A% (@0 ) tan + B (o, B) thep + C* (0, B) wpp = Ha (01, B, s, i, up)

(4.2.14)

in which the coefficients assume the same form as the coefficients in equation
(4.1.11). With the use of (4.2.13), the equations A4* — C* — 0 bcf:ome

(Aa§_+ Bazay + Cal) — (Aﬁ:f + BB, + CB2)

Fi[2A028: + B(azfy + ayfz) + 2Cay,B,) = 0.3

(AoZ + Bozoy + Ca3) — (AB2 + BB.B, + CB2)

—i[24028: + B (a8, + ayfBz) + 2Cay,B,] = O,

or,

(A - C**) +iB** =0, (A™ —C**) —iB** =0

These equations are satisfied if and only if
AT =C* and B** = .
Hence, equation (4..2.14) transforms into the form
7 s VRS A ugg = H, (o, 8, u, ug, ug).
Dividing through by A**, we obtain

Uoga + Ugp = _HS (Q, ﬂ) U, Uy, uﬂ) ’

(4.2.15)

~where Hy = (H4/A**). This is called the canonical form of the elliptic

equation.
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) Example 4.2.1. Consider the equation

Here

Thus,

B? — 4AC = 4zy* > 0.

The equation is hyperbolic everywhere except on the coordinate axes z = 0
and y = 0. From the characteristic equations (4.2.5) and (4.2.6), we have

dy x dy = 2
dz ~ y’ dr vy’
After integration of these equations, we obtain
1 2 1 2 - 2 1 2 o 1 2 o= e

The first of these curves is a family of hyperbolas

1 1
_2_y2 - ‘2'12 =0,

and the second is a family of circles

la, 1o
g¥ TR

To transform the given equation to canonical form, we consider
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1 1 5 _l 1

From the relations (4.1.6), we have

Ur = uegéy + UpTlx = —TUg + TUy,
Uy = Uely + upny, = yue + yu,),
Ve = Ueels & Zuenbatte + Unynl + Uehan + Unles
= 2211,“ — 222 ug, + z2 Upy — ug + Uy
Uyy = ueffy + 2ugnbyny + urm'ﬂy + uglyy + unmiyy
y? uge + 2y ug, + 32 Unn + Ug + uy:

Il

)

Thus, the given equation assumes the canonical form

e s e " £
T ey e 20625y

Ezample 4.2.2. Consider the partial differential equation

2ue, + 2zyuzy, + y uyy = Q.

In this case, the discriminant is

B? — 4AC = 4222 4z2?4% = 0.

The equation is therefore parabolic everywhere. The characteristic equation
is

e
e

and hence, the characteristics are

which is the equation of a family of straight lines.
Consider the transformation e

canonical form

Thus,
Usyn =0 for wy 5% 0.
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Ezample '{.2.3. The equation
£ u:c::. + :!:271,,‘, S 0,

is elliptic :everywi\ére except on the coordinate axis z = 0 because

B2 —4AC = —4z?2 <0, =zF#0.
The characteristic equations are
E;%g = 2, E;gg = —2.
Integration yields
2y —iz? = c1, . 22 + iz’ = Ca.
Thus, if we write
£ = 2y — 1x2, n = 2y +ix?,

—

and hence,
1 1
o= (E+n) =2y, p=5(€—n)=-d"

we obtain the canonical form

1
Una T UGG = —-2-5 ug.

It should ‘be remarked here that a given partial differential equation may
be of a different type in a different domain. Thus, for exemple, Tricomi’s

equation - -
gz + Tty =0, :  (4.2.16)

is elliptic for z > 0 and hyperbolic for z 20, since B2 — 4AC = —4z.
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