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Runge Kutta Method 
Taylor series method of solving differential equations is very tedious as it requires finding higher 

order derivatives. Runge Kutta (RK) method does not require calculation of higher order 

derivatives and gives greater accuracy. RK is the generalization of the concept used in modified 

Euler’s method. They are all based on the general form of the extrapolation equation 

 
 

First Order R.K. Method 
We know that Euler’s method gives 

 

 
Therefore, Euler’s method agrees with Taylor’s series solution up to the term in h. 

 

Second Order R. K. Method 

We know that modified Euler’s method gives 

 



  

 
 

Example 1. Given 𝑦′ +  𝑦 =  0, find y(0.1) and y(0.2) using R.K. second order method for y(0) 

= 1. 

 



 

Third Order R. K. Method 

 

 
Fourth Order R. K. Method 

It is the most common and referred to as Runge Kutta method only. 

 

 
  



 
Example 2. Apply Runge Kutta fourth order method to find an approximate value of y when x = 

0.3, given that 
𝑑𝑦

𝑑𝑥
 =  𝑥 +  𝑦 and y = 1 when x = 0. 

 
Example 3. Using Runge Kutta method of order 4, solve 
 

  



 
Example 4. Apply Runge Kutta Method to find approximate value of y for x = 0.2 in steps of 0.1, 

if  
𝑑𝑦

𝑑𝑥
 =  𝑥 +  𝑦2 given that y = 1 when x = 0. 

  

  



 

Heun’s Method (Based on R-K Method) 

Second order Runge-Kutta method is also known as Heun’s method. Its derivation is the same as 

R-K second order method.  

We know that second order R-K method has the form 

 

 
Second order Taylor series expansion is  

  



 
Since we have 3 equations and 4 unknowns, we can assume the value of one of the unknowns and 

the other three will be then determined from the other three equations. 

(i) Heun's Method 

 
Note: This is the same formula as of R. K. order 2. 

(ii) Mid-point Method 

 



resulting in 

 

Example 5. Given the equation 
𝑑𝑦

𝑑𝑥
=  

2𝑦

𝑥
 with y(1) = 2. Estimate y(2) using Heun’s method, Mid-

point method and Ralston method with h = 0.25. 

Solution: Using Heun’s method 

Iteration 1 

 

                          
 



 
Proceeding like this we get the following table: 

 

  

 
 



  

  



  

 

Example 6. Solve the following equation using R.K. 4th order and Mid-point method 
𝑑𝑦

𝑑𝑥 
=  𝑦𝑥3 −

1. 5𝑦 given y(0) = 1, h = 0.5 for the interval (0, 2). 

Solution: Iteration 1 

We have                           x0 = 0, y0 = 1 

From R-K 4th order 

 

                                 



  

  



  

  

                                                            



 


