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E-Materials III 

Course Name: B.Sc. (H) Geology, B.Sc. (H) Electronics, B.A (H) Economics 

                           (II Year, IV Semester) 

Generic Elective: GE4: Numerical Methods 

Faculty Name:  Mahendra Ram 

Newton Cote’s Formula 
Newton cote’s formula or Newton cote’s quadrature rule are group of formulas for numerical 

integration, for evaluating the integrand at equally spaced points. Basically, Newton cote’s 

formulae can be useful if the values of the integrand are at equally spaced points. It is assumed 

that the value of function ‘f ’ defined on interval [a, b] is known to be at equally spaced points xi 

for i = 0, 1, ..., n where x0 = a and xn = b. 

There are two types of Newton cote’s formulae: 

1. The ‘closed’ type Newton cote’s formula which uses the function value at all points. 

2. The ‘open’ type Newton cote’s formula which does not uses the function values at the end 

points. 

Composite Rules: We usually perform numerical integration by splitting [a, b] interval into 

smaller sub interval, so applying Newton cote’s formula on each sub interval and adding up the 

results is known as composite rule. 

Newton Cote’s Open Formulas 

If we use function evaluations at points within the interval that is do not use the function values at 

end points, we use Newton Cote’s Open formulas. Now we will discuss some of the Newton cote’s 

open formulas. 

(A) The Midpoint Rule: In mid-point rule, we use single function evaluation (S0, n = 1), at the 

midpoint of the interval, xm = 
(𝒂 + 𝒃)

𝟐
 

Interpolating the function by the constant value f(xm) we get the midpoint rule. 

 

Assuming, function to be twice continuously differentiable, The midpoint rule with error term is 
 

 
Example1.  Use the mid-point rule to approximate the interval. 
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Solution.  Here 

                                 
(B) Two-point formula: Two-point formula uses two function evaluations 
 

 
On including the error term, we have 

 
(C) The Three-point formula: The three-point Newton cote’s open formula use three function 

evaluation, we define 

 

 
 

 
Note: Open and closed Newton cote’s formula are compared based on the number of nodes or 

number of function evaluations. Number of nodes is defined as no. of subinterval used. Closed 
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formula uses n + 1 function evaluations and open cotes formula uses n-1 evaluation for given 

number of subintervals. 

Example 2. Use the two-point formula to approximate the integral 

 
Example 3. Use the three-point rule to approximate the interval for the following integral: 

                                              
Solution: Here 

                                           

 
Newton Cote’s Closed Formula 

If we use function evaluation at all points of the interval, we refer to Newton Cote’s closed formula. 
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List of some of the Newton Cote’s closed formulas 

 
Romberg’s Method 
Romberg’s method use Richardson’s extrapolation in a symmetric way. In trapezoidal rule, the 

error is of order 2 and spacing ratio 
ℎ1

ℎ2
= 2 then from Richardson extrapolation we have, 

 

 

Example 4. Use Romberg’s method to compute ∫
1

1+𝑥
𝑑𝑥

1

0
 correct to four decimal places. 

Solution: Let h = 0.5, therefore, the values of the integral f(x) = 
1

1+𝑥
 are 
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Example5. Use Romberg’s method to compute ∫ log 𝑥 𝑑𝑥
5.2

4
 from the data 
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Quadrature 

The Newton cote’s formulas are based on function evaluations at equally spaced values in an 

interval. We use the term quadrature for method when we have to evaluate the function at a point. 

Gaussian quadrature is one of the most basic method. It is usually expressed in terms of intervals 

of integration [–1, 1]. 

Gaussian Quadrature 

The general formula for Gaussian quadrature is: 

                                       
 

Gaussian quadrature will only provide good result if the function f(x) is well approximated by a 

polynomial function within the range [–1, 1]. Here value of ci and xi depends on the choice of x. 

If we choose the quadrature point x1, x2, ..., xn as the n zeros of nth degree lagrange polynomial 

and by using correct coefficient, the formula is exact for polynomial of degree up to 2n – 1. That’s 

why the method is also known as Gauss Legendre quadrature. The Gaussian quadrature rule for 

two evaluation points which is exact up to degree 3 polynomial, is given as: 

 



7 | P a g e  
 

Example6. Solve the integral ∫ exp (+𝑥)𝑑𝑥
1

−1
 using Gaussian quadrature 

 

Solution. Here 

 
 

 

 
Example 7. Consider the integral f(t) = exp (𝑡2) where t0 = a = 0 and t1 = b = 2. Solve by Gaussian 

Quadrature. 

Solution: The required change of variable gives: 
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