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Richardson Extrapolation

Introduction

Richardson extrapolation is specifically a model for the errors in a numerical procedure. This
method is used to improve the numerical method’s solution estimation.

Let us consider

xXp = x* + Mh" ..(1)
x; = kth estimate of solution x*
Mh™ = Error term
If we replace /i by »h, then we obtain another estimation for x*

1 ¢ - — 4 A 7T Jo 1
1.e. Xpoq, = XF+M"h ..(2)
On multiplying equation (1) by " and solving x*
we get.
n
Xy —F Xp
xF = oy = kel k

1—7"
This is known as Richardson extrapolation estimate.
Using Richardson extrapolation, we obtain higher order formula from lower order formula, which
improves the estimation. This process is known as extrapolation.
On considering three-point central difference formula along with its error term we get,

von _ Sx+h)— fx—h) K _,
S (x) 7 s/ ©

h

= D(.f;-)—?j"”(ﬂj (1)

Here f(x) is exact solution approximated by D(h) and on removing error term, we obtain better
approximation.
Now, replace h by rh in equation (1) to get better approximation for f '(x)
f(x+rh)y— f(x—rh) W’ o
M) — _ H
J'(x) 2hr. p J7(0)
hre
= D(rh)— - VAN C)) --(2)
Error term can be eliminated by multiplying equation (1) by #* and then
subtracting it from equation (2)

We get
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, D(rh)—r>D(h)
J'x) = 1_ 2
This is better estimation of £'(x) as the error term /? has been eliminated.
For r =2, equation (3) becomes
f'x) = S(x=2h)-8f(x- *‘?1 ;ff(-‘“r h)— f(x+2h) @

Equation (4) is five point central difference formula which has error in order of /1%,
this error can be further removed by eliminating error term containing /#* and so on.

One of the commonly used choice for r1s 0.5.

sl

-(3)

Putting » = 0.5 in equation (3) we get

h - h
f(x—h)—ﬂ[x—5)+8f[x+5)—f(x+ h)

Jf'x) = o

(5

Note: The application of this formula depends on the availability of function values at x J_r;h points,

this will act as restriction when Richardson extrapolation formula is applied to tabulated functions.

Example 1. Show that using the data given below, Richardson’s extrapolation technique can

provide better estimates for the following derivate:

X.

—0.5

—0.25

0

0.25

0.5

0.75

1.0

1.25

1.5

f(.r) — e?x

—3.6945

—-1.8472

1

1.8472

3.6945

5.5417

7.3890

92363

11.0835

Solution: Let us estimate /'(x) and assume /= 0.5 and r

= 1/2 then. using three-

point central formula, we have

D(;E) — .f(x-}_ h)_f(x _h)
2h
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f(0.5+0.5) - £(0.5-0.5) _ f(1)= f(0)

D(0.5) = 2(0.5) 1
_ 7'38?0_1:6.389 D
D) = f(x+rh)— f(x—rh) _ f(0.5+0.25)- f(0.5-0.25)
2(rh) 2(0.25)
_ 5541718472 oo e
0.5
£ = D(rhl)—rz“D(h)
—r
. _ 7.389—(0.5)(6.389) _ 7.389—0.25(6.389)
Therefore fl05) = 1= (05 = 005
= 7.7226 (3

Note that the correct answer 1s 7.7226. The result 1s much better than the result
obtained when /7 = 0.5 & /= 0.25 in three-point formula.

Now. let us take » = 2 again.
S(1.5)- f(-0.5)
2(0.5)*

D(h) = D(2(0.5))=D(1) =

_ 11.0825—(-3.6945) _ . 1ocs
4(0.5)

D(rh)—r>D(h)

_r"'

£1(0.5) =

_ 7.3885-2°(6.389)
1-4

= 6.0558 (4

From (3) & (4). we observe that estimate of »= 0.5 1s much better than estimate
at r=2.

[From (1). we have value of D(/1)]

3|Page



Chapter 7

Numerical Integration

Introduction

Process of finding the approximate value of a definite integral from set of numerical values of integrand is
called numerical integration. If the integrand is a function of single variable the process is called
mechanical quadrature, but if the integrand is of two independent variables then this process is called
mechanical quadrature.

General Procedure

Numerical integration is performed by changing the integrand into interpolation formula and then
applying integration on the interpolation formula between the given limits i.e. we change ‘f* in
f: f (x)dx Dby an interpolation formula and then integrate the interpolating formula between the

limits a and b.
General Quadrature Formula
Equidistant interpolation formula having relation between x and p is

x =x,+ph ..(1)
where /1 1s distance between two given nodes then dx = h*dp

Let the limit of integration for x be x, and x, + nh. when we integrate the Newton’s
forward difference formula, we have » equidistant interval of width /.

The limits of p got changed to 0 and » in equation (1) by integrating Newton'’s

forward difference formula:
. . ) (p—D(p—2 3 .

, P —n(p- D=3 s

!
On mtegration, 4
.T{]'F.?’J.PF ]
ro A : o(p 1} (p—=10p-=2),5.
[ fdx = [j0+p.f_"'.j0 £ *‘2 A2 g, + 2 3'*( A3,
xn 0 ’
+;3(;3—1}(1272}(;)—3)ﬁ4jb+___]a?)
2 3 2\A2¢ 4 3 4
.on . |\m o |ATfy | n 3. 2 |A S
= hinfy+—Ap+| —— |—+| ——n +n" |—+... (2
{’{” 7 Vo {3 2]2 (4 ]3! @

Equation (2) represent the general formula.
Now, we can simply get the distinct quadrature formulae by putting n =1, 2, 3 in equation (2).
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TRAPEZOIDAL RULE

By putting 7 = 1 in equation (2) i.e.. the general formula. we get the difference A%,
A to be zero and hence for interval [x,. x,] we obtain

r N R ho .
.[ J(x)dx = h[fo "'Eﬁ\foEI: h[fa +5(f' _fr_}}]=5(fo + /1)
.t’n
which 1s a trapezoidal rule.

Now for next interval [x. x,]. [x,. x5]. ... [x,, _,. x, ] we have

[r@ax = Zrcsi+ f)

x]

[ reoax = 2+ 1)

X3 2
[ reodax = gu;g_. + 1)
Tp—1

Sum up all these above expressions, we get

Xy h . . I . .
.[ S (x)dx = E[fc» +2(Nh + ot o)+ 1]
X0

which is composite trapezoidal rule.

Here in this Figure 1 the curve through (x,. v,) & (x,. y,) is a straight line i.c.
polynomial of first order so that difference of order higher than first becomes zero.

y

0 x, X X2 X3 X, X

Fig. 1

SIMPSON’S ONE THIRD RULE
Put n =2 in equation (2). then the differences A>, A%, ..... are all zero then we have
interval of integration from x, to x, + 2/ and the available functional values are
fo-f1 and £ from equation (2). we have
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xp+2h — 5
_[ F(x)dx = 2| 2 £, +2Af, +(§_2)ﬁ2f5]

X0

= B2/ 4 20~ )+ 3~ 21 1) |

X0 +2h

[ 7@ = 2 +4s+ 1)

X0

which is Simpson’s one third rule.

Similarly,
X h
[ reodx = J0f + 47+ £l
Xg h
[ reods = J0fs +ass+ £
X
i he . .
| rdx = J1foa+4f0i+ 1]
Therefore for even value of x, the above expression given
xg+ nh

J f(x)dx = %[(ﬁ] +f)+4(fi+ i+ f,0) 2046+ +...+j}'4_2]]

2|

which is composite Simpson’s rule (Parabolic rule)
Note: In this Figure 2 the curve through (x0, y0), (x1, y1) & (x2, y2) is a parabola i.e. polynomial
of second order so that difference of higher order than second order vanishes.

Simpson’s Three-Eight Rule
Put » = 3 in Equation (2). then the differences A*. A>. ..., are all zero. then we have
available function values f,. f1. /5. f5. ... From equation (2). we shall obtain.

x3 xp +3h
[rea = [ reoa=2214 435435+ 7]
*0 Xp
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[ reds = 20 +3 4430+ /i)

X3

| roa = 2y 3s, 0437004 1)

-3

Thus, if » 1s a multiple of 3. by sum up of all above expressions.
xp + nh 3k
S (x)dx :?[(_,ﬁ, S o A B @ AR S A A S P SRS S Y B Do (F AR S A IS S A |
X0
which is called Simpson’s three-eight rule.
Note: In this Figure 3 the curve through (xi, yi )where i =0, 1, 2, 3, is a polynomial of third order
so that differences above the third order vanishes.
VA

Fig. 3

Error term in Quadrature Formula

Since, we know that function f is approximated by a polynomial of degree n in Quadrature formula.
ie. Ax) = P, (x)
On integration., we have

| reodax = [ Boax (D
XO _‘-0

If R (x) is taken as difference between f(x) & P, (x)

then Sx) = P (x) + R, (x)

Therefore, _f F(x)dx = _[ P (x)dx + _[ R, (x)dx
o X0 X0

Hence. error between true value of integral and the value of equation (1) is

-
[ R,(x)dx
For » degree polynomial., we have

(rr+1) L
J ) F(x) . where F(x) = 1_[ (x— ;)

Rl = (7 + 1) ra
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Now consider equi-spaced ordinates. then

x = xo+ph &x, =x,+nh

0
x —x, = ph
x —x; = (xg+ph) —(xqg+h)=(p— 1)

x—x, = (xg+ph)—(x,+2h)=((p—2)

x—x, = (xo +p;) — (xo +nh)=(p—mh
and so Fx)=h"Yp@p—-—D@E-—2)...(@—m]
Putting value of F(x) in R, (x). we get

R {_‘_) — hn+l Jf'{ﬂJr])(é) (m+1)
n (z2+ 1)

where Prl=pp—D@E-2)..@m-—n
Therefore. error equation in quadrature formula is

E (x) = j R, (x)dx

Xn

BT, -
= G [ HTTT @p
o

hn+2 Ll

E (x) = m_ffnﬂ &) p" Vdp
0

Here £ is independent of p. integral (above) can be evaluated directly and £, (x)
can be written in two forms

_ A" T o+
EM = int’ (é)_[[p dp (n odd)
E (x) = i f'”+2(§)T[p —Ejp"”” dp (n even)
e (rz + 1) 5 2

For example
(i) If » = 1. (odd). Trapezoidal rle is obtained.

3 1
ie.. E\) = 2 5@ [ plp —Dap
. (0]

_rrelr _p
2 3 2 o

_h3 ”
= 7{2 (E"}, xy <& <x
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Summing up for » intervals,

oo )
” 12

-

_h
= 5 —x0)/"(©)

Since. nh=x, —x,
Hence. error in trapezoidal is of order 2.
(ii) If n = 2 (even), Simpson’s rule 1s obtained.
The error 1s given by

AACY

E0) = === [(p=p(p=1Np-2)dp
) 0

5

—h (iv
= Wf{ 'E xp<E<x,

Summing up for »/2 intervals,

— nhﬁ {iv) Yn 1{{])"7
\= o gy =

Simpson’s rule has error of order 4

f“"}(ﬁ) Xy <E<x,

Therefore. complete Simpson’s formula is:

[ rae = U+ a4+ S+ 20 + fa bt S+ 1]
_YD
x5 = X0) pa

(i)
AR

Then the obtained value of £, 1s zero if /) is zero.

Hence. when f{x) is a polynomial of either a first. second and a third degree.
Xy

Simpson’s rule yields exact value of _[ F(x)dx .
.'-'.’U

Trapezoidal rule for solving integration is

b
[ Feoax = S1r @+ £ = 21 o) + £ ()]

1
Example 1. Evaluate _[x sin (mx)dx forh=1.

0
Solution:

1
_[xsin (mx)dx = %[f([})+f(])] = %[0+]sin |
0
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1
= —sinm=10
2

4
Example 2. Evaluate _[ 2%dx for h =4

Solution:
4

[2ax = Z17@0)+ ()
0

= 2[2° + 27]
2(1 + 2%
=2+ 2°=34.

Example 3. Evaluate jﬂ dx for h =2

Solution:

[Nx ax = %[f(DH F(2]=[V0+~2]1=2
0

= 1.414

ax

Example 4. Evaluate j'i
1+ x

Solution: Here i = 5H —a =2

! ax o f-;- 1
.[1_._;,,:2 B 1+1

1
1+1

:[+)_1

Example 5. Evaluate _r log (x> + 1) dx

0
Solution: Herte = bH —a =2 — 0 =0

Jloe > +Dax = Z[r©) + £ (2]
0

= log 1 + log 9 = 0.954
Example 6. Dividing the range into 10 equal parts and then apply Simpson’s rule to evaluate
the integral [ 05 ﬁdx correct to four decimal places. Hence, find the approximate value of loge3.
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Solution: The values of the integral for /1 = 1/2

X 0 1/2 1 3/2 2 5/2 3 7/2 4 9/2 5

fx)y: | US| e | UT | UR | 1/9 | /10 | V11 | 1/12 | /13 | 1/14 | 1/15

Therefore. by Simpson’s one third rule:
5

da h
_[ * = o+ + o+ fs+ f7+ ) +20fa + fat fo+ f3) + fro]

E:_2)(+5
111)(11111)[1111
= —l|l=-4+—=|+4| -+ —+—+— [+ 2| =+ =+ —+—
6[[5 15 6 8 10 12 14 7 9 11 13

1
= E(D.Zﬁﬁﬁ +2.1857 +0.8436)

= 0.5493
Also.
> dx 1
= _Jlog (2x+ 5]
{2“5 STlog ( N

1 1
= E[log,]S—log, 5] = ?—log,ES

5

- dx

log,3 = 2J2r+5=2([}.5493)=].[}986
o 2
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