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Applied Physics
Lecture-17 & 18

Unit I1I-Thermal Properties of solids

Topics to be discussed in this lecture:
» Density of states
» Fermi-Dirac statistics

» The Electronic specific heat

Density of States:

In order to determine the actual number of electrons in a given energy state, it is
necessary to know the number of states in the system which have the energy under
consideration multiplied by the probability distribution function. Therefore, if
g(E)dE is the number of available quantum states in the energy range E and E + dE
and F(E) is the probability function of the electrons occupying a particular energy
state E, then the actual number of electrons N(E)dE present in the so called free
state in the above energy range at any temperature is given by
N(E)dE = F(E).g(E)dE (1)

Now in order to calculate the density of states of electrons range E and E+dE, let
us draw two spheres having radii n and dn in the n-space as shown in fig. 1(below).

At any point (ny, ny, n,) with integer values of coordinates represents an energy




state. Thus, all the points on the surface of the sphere of radius n (where n® = n2 +
n + nZ) will have the same energy. Since n,, ny, n, can have positive integral non-

zero values; therefore the number of states of energy less than E will be given by

the positive octant of the sphere, i.e.

nx

Fig. 1 Spheres representing density of space in n-space
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substituting the value of n from, E,= well
problem), above equation becomes,
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where V= a3. Now, differentiating both sides of equation 3with respect to E, we

obtain the density of states in the energy interval dE as

2tV

g(E)E =~ (2m )3/2EW24E (4)

Since, the Paull s exclusion principle allows two electrons in each state, so that the
actual density of states in a volume V is given by

4tV

g(E)dE = —-(2m )3/2EV2dE (5)

Hence, the den3|ty of states per unit volume in an energy interval dE is given by



g (B)IE =23 (2m)3/2EY/2dE (6)

The above equation is diagrammatically illustrated in Fig. 2.

g(E)

dE > E

Fig. 2 Density of states as a function of electron density
Now substituting the value of density of states and the probability distribution
function (which is nothing but Fermi-Dirac distribution function) in equation 1, we
get, the density of states within the energy interval dE is given by

N(E)dE = F(E).g(E)dE

__ 4nv
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(2m)3/2E1/? W (7)

This distribution is diagramatically shown in Fig. 3.The calculation of N( E) is
illustrated energy in Fig. 4 which shows that the free electrons do not have zero
energy at an absolute zero of temperature as one would have expected if the

electrons were to obey classical statistics.
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Fig. 3  Density of states as a function of electron energy at different temperature
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Fig. 4

' ghe calculation of the density of occupied electron states N(E) (a) Fermi-Dirac function, (b)
ensity of states, and (c) N(E) = F(E) x g(E)

Actually, the electron energy vary from zero to Er and also the number of
electrons increases with the increase of energy which becomes maximum at Ep.

Since at absolute zero, F(E) = 1, therefore the total number of electrons is
Ep

4tV
JN(E)dE = %(Zm)mf EY2dE

0
Or N = Eﬂ(z Y3/2, 3/ (8)

The number of electrons n per unit volume (called the density of electron) is

n= N/V= —(2 )3/2F,3/2 (9)
hence, the fermi energy at absolute zero is given by
_ h%3m\23 -19..2/3
Ep = %(g) = 3.65 x 10~ 19n2/3eV (10)

Further at absolute zero, the average energy of an electron is given by
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Substituting the value of N from eq.8 we get,

E =2E (12)

Fermi-Dirac Statistics:

Since, the electrons are Fermions and also obey the Pauli’s exclusion principle,
therefore the energy distribution at any temperature T can be expressed by Fermi-

Dirac distribution function as

1

exp (E;ITEF ) +1

F(E) = (13)

where E is the energy of an allowed state and Er the Fermi energy. At absolute
zero, the distribution function has the following properties:

F(E) = 1 for all values of E < E¢

F(E) = 0 for all values of E > Er
That is the levels below Er are completely filled, and all those above Ef are
completely empty. Hence, Er is the maximum energy of the filled state. However,
for any temperature greater than zero, F(E) = 1/2 at E = E¢. Therefore, the Fermi
level in a metal is that energy level for which the probability of occupation is half.
Further, at very high temperatures, as T tends to infnity, kT >> Eg. The electrons
lose their quantum mechanical character and Fermi-Dirac distribution function
reduces to classical Boltzmann distribution, exp (-E/KT). Fig. 10.5 gives a plot of

the Fermi function versus allowed energy E at different temperatures.
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Fig.'5  The Fermi distribution function at different temperatures

The Electronic Specific heat:

According to Drude and Lorentz, the conduction electrons are treated as free
particles as if they are electron gas molecules which obey the classical laws of
mechanics and statistical mechanics. Further from classical statistical mechanics
(like kinetic theory of gases), the average energy of a free electron is (3/2)kT. Thus
if a metal contains N free electrons per mole then the average energy of electrons

per mole should be

(E) = %NkT = 3RT (14)

2
Where N is the Avogadro’s number and R=Nk. Therefore the electronic specific
heat is given by

9F

3
Ce = 5 =>R = 3cal/mol. °K (15)

However, the experimental measurements show that the electronic specific heat is
smaller than the classical value (eqn. 15) by a factor of about 107 This
discrepancy was removed by the introduction of quantum statistics developed by

E. Fermi and P. A. M. Dirac and is known as Fermi-Dirac statistics (eqn. 13).



As the temperature increases, the electrons whose energy is close to Fermi energy
(Er), gain thermal energy of the order of KT, and go to the higher energy state
above the Fermi level. That is the electrons having the energies between Er and
(Er-kT) alone are likely to be raised above Er and the electrons below (Eg-T)
remain unaffected. An electron at the Fermi level may increase its energy from E
to (Er+KT) to the most, so that the fraction kT/ Er of the electrons are affected.
Therefore the number of electrons excited per mole is approximately given by
NKT/ Er. And since on the average each electron absorbs energy of the order of

3kT/2, it follows that the thermal energy per mole is approximately given by

3 Nk2T?

E="y3kr=2 (16)
Ep 2 2 Ep
And hence the specific heat
0E KT KT
Co= 57 =3Nk(5) = 3R (5) (17)

The approximate value of the electronic specific heat (eq. 17) obtained after the
introduction of quantum statistics is in agreement with the experimental value. For
a better agreement between the theoretically estimated value and the experimental
result, it is necessary to know the average energy possessed by a free electron at

any temperature T greater than absolute zero. It is given by

£3/2

exp (El_(#) +1

= 1 [00] _ 4tV 3/2 o
E= Jy EN(E)dE = —5(2m) 2 dE (18)

From the calculation similar to above, the average energy of an electron at any

temperature T is obtained as

E=F, [1 4 ("_T)Zl (19)

12 \Epf,
Equation 19 indicates that the average energy is not constant and increases slightly

as the temperature is increased. Now the electronic specific heat at constant

volume per electron can be obtained as



C. =

0E _ (5m?Kk*T
oT 6EF,*

) (E) (20)

Making use of equation 12 after putting the subscript O for absolute zero, equation

20 becomes,

.- (22)
If we define the Fermi temperature by Tr= Ef/K, then equation 21 becomes,

Ce = (nzng) (22)

This result is in fair agreement with the experimental values. It is interesting to
note that the electronic specific heat varies linearly with the temperature whereas
the lattice specific varies as cube of the absolute temperature at low temperatures

and so that the total specific heat of a metal at low temperature may be written as

C,=C,+ (
or C, = AT + BT3 (23)
Fig 6a shows the variation of the two specific heats with temperature, indicating
that the electronic contribution dominates in the helium region and only after
certain temperature the lattice contribution becomes predominant. On the other
hand, a plot between C,/T versus T? shows a straight line having the intercept A
and the slope B (Fig. 6b)
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Fig. 6  (a) The variation of two specific heats of metal at low temperatures, (b) A plot between C/T
versus 7%




