Lecture : 3

(APPLICATIONS OF LAPLACE TRANSFORMYS)
Course : B.Sc. (H) Physics

Semester 1A%
Subject : Mathematical Physics 111
UPC : 32221401

Teacher : Ms. Bhavna Vidhani
(Deptt. of Physics & Electronics)

Topics covered in this lecture:-
e Applications of LT to Second order Differential equations, Coupled Differential
equations & solution of heat flow along semi-infinite bar

3.1 Ordinary Differential equations with constant coefficients:

Ordinary Differential equations with constant coefficients can be very easily solved using
Laplace transform without finding the general solution and the arbitrary constants.

Examples:
1. Solve y" =2y +2y =0,given y = ' =1 when ¢ =0.
Sol.  Wehave, y" —2)" +2y =0 (D

Taking Laplace transform of both sides of eq. (1), we get
L{y"y=2L{y'} +2L{y}=L{0}
= [$L{y}-sy0) -y O]-2[sL{y}-»0)]+2L{y}=0
[ L{f'(®)}=5F(s)= f(0) and L { f"(t)} = s* F(s) = s f(0) - f'(0)]
= (s -25+2) L{y}-(s-2)1-(1)=0 [ »(0) = y'(0) =1]

2s—l _ s—21 2)
s =2s+2 (s—-1)"+1

Taking Inverse Laplace transform of both sides of eq. (2), we get

_ 7l s—1
y=L {(s—1)2+1}

i} s . .
=e' L {2—} = e’ cost , the required solution.
s

= Li{y}=

+1°
. d’y . d’y
2. Using Laplace Transform method, solve % + y =1t, given % =1, when ¢ = 0 and
y =0whent = r.
Sol.  We have, CZZ +y=t (1)

Taking Laplace transform of both sides of'eq. (1), we get



L{dzg’}+L{y}=L{t}
dt

1
= [$L{y}-sy0)-y0)]+L{y}= 7

SL{f(0)y=sF(s)= f(0) and L{f"()} = 5" F(s) — s f(0) - f'(0)]

N (s2+1)L{y}—sy<0)—y'(0>=si2 @

Now, letat =0, y(0) = a and »'(0) =1 (given) (3)
Put eq. (3) in eq. (2), we get

= (s +1)L{y}—sa—1=i2
N

sa 1 1
= L = + + 4
s sT+1 0 st +1 S2(S2+1) @)

Taking Inverse Laplace transform of both sides of eq. (4), we get

y=al i + L 21 + L i
st +1 s°+1 sT (s +1)

_ 1
= =qcost +sint + L' {—— 5
d {SZ(S2+1)} )

Now, L4 b= 1)L -]
sT(s”+1) s© st +1
1 1
=)L
{82} {sz+12}

=t —sint (6)

Put eq. (6) in eq. (5), we get
y =acost +snt +t—sint=1t+ acost (7)

Now, y =0when t = 7

O=x +acosw
= O=x+a(-1) = a=rx
Put a = r ineq. (7), we get

y =1t + 7 cost, the required solution.

3. Solve y" —=3y" +3) —y =t>e', given y(0) =1, y'(0) =0, y"(0) =—

Sol.  Wehave, y" —=3)" +3) —y =t’e' (1)

Taking Laplace transform of both sides of eq. (1), we get
L{y"}=3L{)"}+3L{)}-Liy}=L{te"}

=  [$L{y}-5"y0)—5y0) -y (0)]-3[s"L{y}—sy0) -y O)]+3[sL{y}

S yO]-Liyi= ()L [ 1J

[ LS O)=sF()=f0), L{f"(O)}=s F(s)—sf(O)—f(O),
Lif"(t)} =5 F(s) =5 f(0) =5 f'(0) — f"(0), and



» d"F(s)

Lit" f(0}= (-] ]

ds"
= [FL{y}-5D)-sO0-2]-3[s"L{y}—s() —(0)]+3[sL{y}—(D]
SLiyy= [+ 3(0) =1, ¥/(0) =0, y(0) =2
(s—D
= (s =35 +3s -1 L{y}—s"+3s—1= 2 3
(s—=1
= (s =35> +3s -1 L{y}= 2 3+S2—3S+1
(s=1
N Liy}= . 2 : . 332—23s+1
(s=1D"(s"=3s"+3s—-1) (s7=3s"+3s5-1)
N Liyt= 2 +s2—3s+1

(s=1)’(s =1’ (s =1

N y:L_l{ 2 6}+L_1{(s—1)2—<s3—1)—1}
(s =1 (s=1

2
=  y=fL {S%} +e [ {S_—f_l} [ L' {F(s—b)}=e" L' {F(s)}]

N

3.2 Ordinary Differential equations with variable coefficients:

Ordinary Differential equations with variable coefficients can be very easily solved using
Laplace transform.

Examples:
l. Using Laplace Transform, solve the following differential equation
y'+2ty —y=t, when y(0)=0,»'(0)=1
Sol.  Wehave, y" +2t)y —y =t (1)

Taking Laplace transform of both sides of eq. (1), we get
L{y"y+2L{ty' } = L{iy}=L{t}

N [szL{y}—syw)—y'(on—z%[suy}—ym)]—L{y}=
o LSO} = sF(s) = £(0), L{f"(0)} = s> F(s) — s £(0) — £(0)]
- s L{y}—sm)—a)]—z%[sL{y}—O]—L (y1= i [+ (0) =0, ¥'(0) = 1]

1
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= [SZL{)/}—l]—2%[SL{y}]—L{y}=Lz

s
1
= IS L{yi-1-2L{y]-Livi=—
2 1
= (s —3)L{y}—1=?
) 1 s +1
= (& -)HL{yj=—Ft+tl=—5
s s
s +1
= L =" T
) s° (s2 -3)
_ s 1
s (s*=3) s (s°=3)
U AR
s -3 3l s2-3 &
4 1 1
== —— - — 2
3s5°-3 35’ @)
Taking Inverse Laplace transform of both sides of eq. (2), we get
4 1 1,1 }
SR L DS G S 1D B
Y73 {SZ - (ﬁ)Z} 3 {f
R ) M i
343 s -3 3
= 41 sinh /3¢ — 1 t, the required solution
2. A particle moves in a line so that its displacement x from a fixed point O at any time ¢,
is given by
2
x4 49 1 5% —8osin 51
dt dt
Using Laplace transform, find its displacement at any time ¢ if initially particle is at rest
at x =0.
Sol.  We have,
d’x dx )
—- +4— +5x =80sm 57, x(0) =0, x'(0) =0 1
e ” (0) (0) (1)
Taking Laplace transform of both sides of eq. (1), we get

d*x dx )
L {W} +4L {E} +5L{x}=80L {sin5¢}

= [52L{x}—sx(O)—x'(O)]+4[sL{x}—x(0)]+5L{x}=80( 25 j
s+ 25

[ LSO =sF(s)= f0), L{f"()}=5"F(s) =5 £(0) - ['(0)]



400

= IS L{x - sO-01+4 s L{x} -0+ 5L {x} = =

[+ x(0) =0, x'(0) =0]
400
s? + 25

= (s> +4s +5) L{x}=

) 400
= M e (.23 @

Taking Inverse Laplace transform of both sides of eq. (2), we get

4 400
x=1L 5 5
(s"+4s5s+5)(s” +25)

As+ B Cs+D
2 + 2
s“+4s+5 s°+25

w4004 L EFD =20 g00p ) L
(s+2) +1 (s+2) +1

+400C L™ § + 300 5 e >
s*+25 5 s*+25

= x=400AeZ’L'I{S_2}+4OOBe2’L‘1{ 1 }+400CcosSt+80DsinSt

= x =400L" {

st +1 s +1

= x =4004 e *[cost —2sin t]+400B e * sin t +400C cos 5¢ + 80D sin 5¢

To find constants 4, B, C, D:
1 _ As+B +CS+D

(s2+4s+5)(s2+25)_52+4s+5 s+ 25
= 1= (4s+B)(s* +25) +(Cs + D)(s* + 45 +5)
3

s 0=4+C = C=-4

s 0=B+4C+ D = B+D=44

S 0=254 +5C +4D = D=-54 = B =94
st 1=25B +5D = 1=2254 —-254 = A =1/200

s B =9/200, C =-1/200, D =-5/200
Put these values in x, we get
x =2e*[cost —2sint]+18e* sin t —2cos 5¢ —2sin 5¢

= x =2e*[cost +7sin t]—2(cos 5t + sin 5¢), the required displacement.

3.3 Solution of Simultaneous Ordinary Differential equations:

Simultaneous Ordinary Differential equations can also be solved using Laplace transform.

Examples:
ax =2x-3y
1. Solve {9t subject to x(0) =8, y(0) =3
dy
—=y-2x
dt



Sol.  We have to solve
xX'=2x -3y

and y =y -2x

Taking Laplace transform of both sides, we get
L{x'"}=2L{x}-3L{y}

and L{y'}= L{y}-2L{x}

= sL{x}—x(0)=2L{x}-3L{y}
and s L{y}—-y(0)=L{y}-2L{x} [ LS @)} =sF(s)— f(0)]

= sL{x}—-8=2L{x}-3L{y}
and sL{y}-3=L{y}-2L{x} [+ x(0) =8, y(0) =3]

= (s =2) L{x}+3L{y}=8
and 2L{x}+(s-1)L{y}=3
Using Cramer's rule, we get

8§ 3
Lixj= 13 57U _ 8(6-D-9 _8-8-9  8-17
s=2 3 | (s-2(s-D-6 -35-4 (s+D(s-4)
2 s—1
s—2 8‘
2 - - — — —
and  L{y}= 3| _ _3(-9-16 356216 3s-2
‘S—2 3 ‘ -2D(s-D-6 s -35-4 (+)(-4)
2 s—1

Taking Inverse Laplace transform of both sides of egs. (1) and (2), we get

x:Lq{ 8s —17 }:Lq{A +B}
(s+D)(s—4) s+1 s—-4

—art Ll pp] !
s+1 s—4

=Ade' +Be"

and y=L"1 —3s—22 =L ¢ + D
s+ (s—4) s+1 s—4

—cr Ll oppr) !
s+1 s—4

=Ce'—De"
To find constants 4 and B :
&8s —17 A B

= +
(s+D)(s—-4) s+1 s-4

(1)

2)

€)

(4)



= 8s—17=A4A (s—4)+ B(s+1)
Puts =4: 15=58B = B =3
Puts=-1: 25=-54 = A=5

To find constants C and D :
3s-22  _ C D
s+)(s—-4) s+1 s-4
= 3s =22=C(s—4)+ D (s+1)
Puts =4: -10=5D = D =-2
Puts =-1: 25=-5C = C=5
Put the values of these constants in egs. (3) and (4), we get
x=5e¢" +3e"

and y =5e ' —2e*, the required solution.

YHary=0 bectto x(0) = y(0) = 1, where ' = &,y =¥
YV +4x+y=0 dt dt
Sol.  We have,
X'+x+y =0

and )y +4x+y=0
Taking Laplace transform of both sides, we get

L{xX}y+L{x}+L{y}=L{0}
and L{y'}+4L{x}+L{y}=L{0}

2. Solve {

= sL{x}-x(0)+L{x}+L{y}=0
and s L{y}—y(0) +4L{x}+L{y}=0 [ LS ()} = sF(s) = f(0)]

= sL{x}—-1+L{x}+L{y}=0
and sL{y}—-1+4L{x}+L{y}=0 [+ x(0) = y(0) =1]

= (s+tD)L{xj+L{y}=1
and 4L{x}+(s+1)L{y}=1
Using Cramer's rule, we get

‘1 1
I s+1 S s K
L = = = = 1
tx s +1 1 (s+1)° -4 s*+25-3 (s+3)(s-1 M
4 s+ 1
s+1 1‘
4 1 s+1—-4 s=3 s—=3
and L{y}= = 5 == = ()
s+1 1 (s+D)" -4 s +25-3 (s+3)(s-1)
4 s+1

Taking Inverse Laplace transform of both sides of egs. (1) and (2), we get



il e T Rl
(s+3)(s—-1 s+3 s-—1
1

+
S AR LI Gy Y
s+3 s—1

=Ade ¥+ Be'

and y=L‘1{ s =3 }ZL_I{ ¢ + D}
(s+3)(s -1 s+3 s-1

—cr L lippr) !
s+3 s—1

=Ce ™ +De'

To find constants 4 and B :
s _ A . B
(s+3)(s-1) s+3 s-1
= s=A4A(s-1)+ B(s+3)
Puts=1: 1=4B = B =1/4
Put s =-3: -3=-44 = A =3/4

To find constants C and D:
s—=3 _ C N D
s+3)(s-1) s+3 s-1
= s=3=C(s-1)+D (s+3)
Puts=1: -2=4D = =-1/2
Puts =-3: —-6=-4C = C =32
Put the values of these constants in egs. (3) and (4), we get

_ 1
x==e+=¢

-3t

and y = — e', the required solution.

o AW
2

34 Solution of Partial Differential equations:

Given the function u (x, ¢) defined for a < x <b, t > 0,then

@) L {a”‘} = je Z—udt = sU(x,s) — u(x,0),
} Te" dt —d—U
0 ox dx ’

() L {Z?} =57 U(x,s) — su(x,0) —u (x,0),

0’u
|

(b)) L

(d L

€)

(4)



where, u, (x,s) = —

Proof:

(a)

(b)

(©)

(d)

ou

ot

t=0

L {a—“} = I o M
ot ot

0

=e u(x,t) |: - T(—s) e u(x,t)dt}

=0—u(x,0) +s je u(x, f) dt
0

=sU(x,5) —u(x,0)

=sU —u(x,0)
ou N u
Li—¢=|e"” dt
{6)6} !). X
:ije’”udt:a_U
ox 3 ox
_du
x
Letv=a—u
ot
ou ov
thenL{y}zL{E} =sL{v} —v(x0)
=sL{ou/ot} —v(x,0)
=s[sLiu}—u(x0)]-u/(x,0)
=s"L{u}-su(x,0)—u/ x,0)
LetWZa—u
ox
2
then L 6—? zL{a—W}ZJ-e‘”a—Wdt
X ox 0 ox
2
—I st az‘dt
0 ox
2 © 2
:a_je’” dt = ou
ox’ 0 o’
_dU
dx’

o0

0

and U =U(x,s) = L{u(x,t)} = je u(x, t) dt

[Integrating by parts]



Examples:

2
. Solve ‘Z—L; = ‘9—‘2‘, u(x,0) =3sin 2z x, u(0,£) =0, u(l, ) =0 where 0< x <1, ¢ >0,
X
2
Sol.  We have, ou _ 8_@21 (1)
ot ox

Taking Laplace transform of both sides of eq. (1), we get

2
L {61} _ o
ot ox’

d’U
= U—-u(x,0)=
s (x,0) i
a 2 2
[ L {G_Ltl} =sU —u(x,0), L {%} = ‘flxlzj and U =U(x,s) = L{u(x,t)}]
2
= sU —3sn2rx= cfllzf [ u(x,0)=3sin27x]
X
2
= dlzjfsU=3sinZ7zx (2)
dx
The auxiliary equation: (m*=5)=0 = m==+s

Complimentary function, U, = C, e + C, e

Particular solution, U, = 2_ 3 sm2zx = _—32 sin 27 x
D™ -5 -27) —s
_3sn2zx
A + s

Thus, the solution of eq. (2) is
s 3sm2rmx
+ "=

U=UC+Up=Cle”;+Cze P (3)
Now we have u(0,7) =0 and u(l,z) =0
Taking Laplace transform of both sides, we get
L{u(,t)}=L{0} and L{u(,t)}=L {0}
= U@,s) =0 and U(,s)=0 4), (5)
Using eqgs. (4), (5) ineq. (3), we get
0=C, +C, and 0=C eV +Ce "
= C,=¢C,=0 (6)
Put eq. (6) in eq. (3), we get
3sn 27 x
v= 47 + s @
Taking Inverse Laplace transform of both sides of eq. (7), we get
w=L'{Ur=1" {3sin 27z2x}
s+4r
=3sin(2zx) L' {;2}
s+4r

10



B

=3sn(2zx)e , the required solution.

2. Find the solution of Z—u = 2% + u, u(x,0) = 6e** which is bounded for x >0, ¢ > 0.
X
Sol.  We have, Ou (x, 1) :26‘u(x, D + u(x,t) (1)
ox ot

Taking Laplace transform of both sides of eq. (1), we get
L {—a”(x’ t)} =21 {—a”(a’;’ t)} L {u(x, 1)

ox
= Yoo su-umoru
dx
ou(x,t) dUu ou(x,t)
v Li———t=""and L{——~2; =sU — ,0
[ { Ox } dx an { Ot s u(x, 0)]
= CZ—U =2[sU —6e ]+ U [ u(x,0)=6e "]
X
= d—U 25U =127 (2)
dx

To solve eq. (2), let us find the integrating factor, IF = ej e bE s e

. €q. (2) becomes:
U(IF )= [(IF) (-12) e " dx

— Ue7(2s+1)x -_12 J‘e—(2s+1)xe—3x dx

_12 J‘e*Z(S-PZ)de

_ - 2(s +2)x
_Z12e 7T C, C s the constant of integration.
-2(s+2)
- 2(s +2)x
_be C
s+ 2
6 . (25 + Dx
— U = e +Ce (3)
s+ 2

Now, since u(x,¢) must be bounded as x —> o, we must have U (x, s) also bounded as x

— oo and it follows that we must choose C = 0.
so, eq. (3) becomes:
U= o (4)
s+ 2

Taking Inverse Laplace transform of both sides of eq. (6), we get

u =L‘1{U}=L‘1{ 6 e“}

s+2
:e—3xL—1 6
s+2
:e—3xe—2t

= e~ " the required solution.
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3.5  Solution of semi-infinite bar using Laplace transform:

1. A semi-infinite solid x > 0 is initially at temperature zero. At ¢+ = 0, a constant
temperature u, > 0 is applied and maintained at the face x = 0. Find the temperature at
any point of the solid at any later time 7 > 0.
Sol.  The boundary-value problem for the determination of the temperature u(x,¢) at any
point x and any time ¢ is
2
o u
ot ox
s.t. u(x,0)=0, u(0,¢) = u,, lu(x,t)| <M )
where the last condition expresses the requirement that the temperature is bounded V x and .
Taking Laplace transform of both sides of eq. (1), we get

x>0,1>0 (1)

d’U ou ou|  dU
= sU —u(x,0)=%k I [ L{E}ZSU—u(x,O) andL{y}z = ]
2
= SUOchi,lzj [+ u(x,0) =0 fromeq. (2)]
x
d*’U s
-—-U-=0 4
= de k ( )

Now to get the solution of eq. (4):

The auxiliary equation is (mz - %j =0 = m = i\/%

The solution of eq. (4) is

Ux,s) =C " + ¢ ek (5)
We choose C, =0 so that U (x, s) is bounded as x — o, and we get
U(x,s) =C,e V" (6)

Also fromeq. (2) we have  u(0,¢) = u,
Taking Laplace transform of both sides of the above equation, we get

U, s) = L{u(,0}=L{u}=uL{l}="2 (7
Put eq. (7) in eq. (6), we get ’

U@©,s)=C, (1)="2 = =% (®)
Put eq. (8) in eq. (6), we get ’ ’

U(x,s) = %em ©)

Taking Inverse Laplace transform of both sides of eq. (9), we get

u e—xm
u(x,t)=L"{U}=L" {—"ex ”"} =u L'
A

S

12



—xA/s/k
= u, erfc (x/2\/E ) { Ll{e } = erfc(x/Z\/E):l
s
the required temperature.

2. A semi-infinite insulated bar which coincides with the x axis, x > 0, is initially at
temperature zero. At ¢ = 0, a quantity of heat is instantaneously generated at the point x
= g where a > 0. Find the temperature at any point of the bar at any time ¢ > 0.

Sol.  The equation for heat conduction in the bar is

ou_ O

ot o’
The fact that a quantity of heat is instantaneously generated at the point x = a can be
represented by the boundary condition

u(a, 1) =q () (2)
where ¢ is a constant and & (¢) is the Dirac delta function.
Also, since the initial temperature is zero and since the temperature must be bounded, we have
u(x,0) =0, lu(x,t)| <M 3)
Taking Laplace transform of both sides of eq. (1), we get

ou ou
Li—}=kL:{—
{at} {8}62}

x>0,1>0 (1)

d’U ou o'u| _ d°U
= SUfu(x,O)dex2 [ L{E}ZSUu(x,O)andL{y}z = ]
2
= SU—Odelzj [+ u(x,0)=0]
dx
AU s
-—=U=0 4
- ax*  k @
Now, u(a,t) = q o(t)
Taking Laplace transform of both sides, we get
Liu(a,t)}=L{qo@)}
= Ula,s)=qL{s(}=¢q (%)

Now to get the solution of eq. (4):

The auxiliary equation is (mz - %j =0 = m = i\/%

The solution of eq. (4) is

Ux,s)=C "  + ¢ ek (6)
We choose C, =0 so that U (x, s) is bounded as x — o, and we get
Ux,s) = Cye " (7

Put U(a, s) = q fromeq. (5) ineq. (7), we get
Ua,s) =0C, e Yk = q

= C,=qgeF (8)

Put C, fromeq. (8) in eq. (7), we get

13



U(X,S) =gq ea sk e—x sk _— q e—(x—a)m (9)

Taking Inverse Laplace transform of both sides of eq. (9), we get
u(x, 1) = LU (x,5)} = L {ge 0
=q L—l {e—(x—a)M}
_ q —(x—a)?/4kt o) —edsie U 24k
= e s e =e (10)
N e e ]
the required temperature.
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