Lecture : 2

(INVERSE LAPLACE TRANSFORMS)

Course : B.Sc. (H) Physics

Semester 1A%
Subject : Mathematical Physics 111
UPC : 32221401

Teacher : Ms. Bhavna Vidhani
(Deptt. of Physics & Electronics)

Topics to be covered:-
e Inverse LT
e Inverse LT of Elementary Functions
e Properties of Inverse LT: Change of Scale Theorem, Shifting Theorem, Inverse
LT of Derivatives and Integrals of Functions, Multiplication and Division by
powers of s
e Convolution theorem

Books to be referred:

1. Schaum's Outline of Theory and Problems of Laplace Transforms by Murray R.
Spiegel.

2. Advanced Engineering Mathematics by Erwin Kreyzig

3. Mathematical Physics by H. K. Dass



2.1 Definition of Inverse Laplace Transformation:

If the Laplace Transform of f(z) is F(s), ie. if L {f(t)} = F(s), then f(¢) is called an
inverse Laplace transform of F(s) i.e.

L{F()} = f()

where, L' is called the inverse Laplace transformation operator.

2.2 Inverse Laplace Transform of some elementary functions:

S. No. F(s) L' {F(®)}=f@
1. 1 1
s
2 1 t
5
3 n1+1,n=O,1,2 L
s n!
4 1 e’
s—1
5 1 sin ¢
s +1
6. P cost
s +1
7. 1 sinh ¢
s°—1
3 s cosh?
st -1

2.3 Change of Scale Property:

If L'{F(s)}= f(t) then L' {F(as)}= é f(éj

Proof: By definition, we have L{ f(¢)} = Tf(t) e’ dt = F(s) = LYF(s)}= ()

L{f(éj} = Tf(éj e’ dt Let 2 =u . dt=adu

- L {f(ij} = Tf(u) e adu = a F(as)
a 0

Taking Inverse Laplace Transform on both sides, we get



=

e, L_I[F(as)]=éf( )

f(ij = ['[a F(as)]
a

t
a

Similarly, we can prove that

L'[F(s/a)]l=a f(ta)

Examples:
Looaertd b LIS gy ) L L here o >0
s©+ 64 8 s+ 4
Sol. Given L] 1 |- Sn8
s©+ 64 8
_ 1 1 sin (8¢/4) O
r'y—— t=->" """~ L {F(as)} =/a)f(t/a
{(4S)2+64} g [ L F @y = /a) @ a)
N 1 I 1 _ 1 sin 2¢
16 sS+4) 16 2
N I : 1 _ sin 2t
s°+4 2
—1/s —als
2. e =22 2t g 1 € __1 where a >0
N Nt S
Sol. Given L e?: — o8 2]
S Nt
—als 2 ta
o =aL w L'F(s/a)=af(ta
{@/a)w} — [+ P sia) = af (o)
—als
N Ja I el/2 _ Jg o8 2\/5
s N
—als 2 ta
- e _ cos
2.4  Linearity Property:

If C) and C; are any constants, while F|(s) and F,(s) are Laplace Transforms of f,(#) and

£, (¢) respectively, then

LHCIE(@s) + QF ()} =C LT {F(s)} + G LT {F,(s)} = QL /(1) + G2 f3(0)

Proof: By definition, we have L{ f(¢)} = Tf(t) e dt =F() = L'{F@Gs)}=7r1@



Now, L{Ci £, + C: /,0)} = [[C. /10 + € /s 0] a

= C, T fi(@®) e dt + C, T @) e dt

=G L0} + G L@}
=Ci1F(s) + C2F,(s)

Taking Inverse Laplace Transform on both sides, we get

= L{CIF(s) +C2F,(s)} =C1 f,(t) +C2 £,(2)

= L{CIF(s) +CFy(s)} =Ci L {F(s)} + C2 L7 {F(9)}

Examples:

3 4

L Find L_1{55+4 _25-18  24-30Vs
s s +9 s

Sol. L_1{5s3+4 _2s-18 24—30\5
K s°+9 s
(5 4 2s 18 24 30
-t PR A A R I
_ 5 T'(2) N 4 F(}?)) B 225 4 26><32
re s> TG s s2+3 0 $2+3
24 T4 30 r(7/2)}
r@4 s* T(@7/2) 7
=LL-I{F(22)}+iL*{lf’)}—2L* LI Q5D B
rq) s ra) s s°+3 s°+3
L 24 L-l{r(f)}_ 30 L_l{r(z//zz)}
r¢4 s I'(7/2) s
=§t it —2cos3t+6sm3t+ﬁt3— 30 t?
2 3! (5/2)(3/2)(1/2)Vx
{ L‘l{r(n) =t L‘{ }=cosat,L_l{ . a 2}=sin at}
S s” +a
=5¢+2¢> —2cos3t +6sin3t +4¢ — 16 2
-
5 Find L~ 6 B 32+4s N 8—265
2s -3 9s°—-16 165 +9
Sol I 6 B 32+4s N 8—26S
2s-3 9s2—16 165> +9



_ 7o 6 B 3 4 . 8 by
2(s—=3/2) 9s°-16 9s5°-16 16s°+9 165°+9

_ L_1 6 _ 3 B 4s
2(s —3/2) 9[s* —(4/3)°] 9[s> —(4/3)]

N 8 3 6s
16[s* + (3/4)’]  16[s* + (3/4)*]

_ 3. 33 4/3 4 s
s—3/2 94 s*—(4/3 9 s —(4/3)
L84 34 6 s
16 3 s* +(3/4)* 16 s* + (3/4)

-3 ! L) A3 | A s
s—32[ 47 \F—@ny[ 97 | —@n3)y

+ %L_l 3/4 B EL_I S
3 s>+ (3/4)° 8 s’ +(3/4)°

=32 —lsinhﬂ—icoshit +%sin2 —icosﬁ

4 3 9 3 3 4 8 4

1 )
{ L‘l{ }:e“’,lfl{ 5 5 2}:cosh at,L‘l{ 5 a 2}:smh at,
s —a s —a s*—a
-1 S | a .
L {SZ +az}=cos at, L {Sz +a2}=sm at}

2.5 First Translation or Shifting Property:

If L'{F(s)} = f(¢) then L' {F(s —b)} = & £(t)

Proof: By definition, we have F(s) =L{ f(¢)} = Tf(t) e dt = LYF@)}=f@0

0

F(s=b) = [f@) e dt = [{e"f(0) e dr = L{" [ (1)}
0 0
Taking Inverse Laplace Transform on both sides, we get

L' {F(s=b)}=¢" f(1)
ie, L' {F(s-b)}=e"L"{F(s)}

Examples:

. Findz'] 0574
s°—4s5+ 20

Sol ') 0s—4 | _ ) 6s—4 | _,.)6(s-2)+8
s°—4s+20 (5—2)2+]6 (S—2)2+42



=6e2‘L‘1{2S 2}+2e2’L_1{ 4 } [ L'{F(s—b)}=e" L {F(s5)}]

. . s ) a .
=6e* cosdt +2e* sin 4t L' ———t=cosat, L'\——— =sin at
s*+a s> +a

=2¢" (3cos4t + sin 4t)

N |
2. Find L {m}
Sol. L™ ! =L" 1 -1 L I
' 25 +3 V2 (s +3/27 ] V2 Js = (=3/2)

- % e 2! {%} [ L' {F(s—b)y=e" L {F(s)}]
R TR Ny R

V2 Jr Js
L e L1 Lol EL L

V2 Jr At ‘ s | Wt

1 -3t/2 1/2

= e t

N2

1| _ T2 s _ 1 -1 _ |7
We know that L{j} = It e’ dt = EUEE F(7+1 =\

{ jt" = = F(”“)&r(l/z) \/_}

L {eﬁ} -1 ’:a Lo if L{f (0)} = F(s) then L{e“ f (1)} = F (s — a)]
I
= L s+a At

1 e—at
= — L = —
2 {,/s+a} 2 \/E
1 1 -3t/2
= —2L‘1{ s+13/2}:_2€\/ﬁ [putting @ = 3/2]



Sol.

2.6

1 1
L_l _ 673”2 171/2
{st + 3} V27

Evaluate L 23S—+7
s-—2s-3

L‘l{ 35+7 }=L-1{ 35 +7 }:L_1{3(s—1)+10}

s?—2s5-3 (s-1)°-4 (s —1)° =2

=3 {—(S_D }+EL‘1 {—2 }
(s—12=2] 27 |(s-1?-2°

=3etL‘1{ 2S 2}+5efL-1{ 2 } [ L'{F(s=b)}=e" L' {F(s5)}]

s =2 s* = 2?

=3¢’ cosh2t + 5¢ sinh 2¢ { L‘l{ 5 2}:cosh at,L“{ > a 2}:sinh at}

sz—a s —a

Second Translation or Shifting Property:

If L7{F(s)} = f(t) then L {e“F(s)} = g (1),

where, g(t) = {

f(t—a) ; t>a

0 ; t<a

Proof: By definition, we have

Fo) =L{fO}=[f@0ye” d = L'{F()}=/0

eF(s)=e™ T f@) e dt = T f@) e dt

ft+a—a)e* " dt Let t+a=u .. dt=du

Il
N o8 O—=2 33 =3 O3

fu—a)e’ du

f(t—a)e™ dt

0)e™" dr + Tf(t —a)e’' dt

f(t—a) ; t>a

0 ; t<a

gt)yedt; g(t) = {

{g(®}



Taking Inverse Laplace Transform of both sides, we get

L' {e“F(s)} =g ={f(l‘—a) ; t>a

0 ; t<a
Examples:
—5s
. Find L'{——
(s =2)

Sol.  Let us first find L 1 ot
(s —2)

-1 1 _ 2t -l i ool . _ bt y-1
L {(5—2)4} e’ L {84} [ L {F(s—b)}=¢e"L {F(s)}]
o {F(4)}
I'(4) st

R { = {M} _ t}
3! 5"

3

2t

1
=—e 't
6

By Using Second Translation Property, we get

1
L‘l{ e }: gez“‘s’(t—S)3 ; t>5
4
(s=2) 0 ; t<5

2. Find L {&}

sP+s+1

T+ s+1

_ s+ 1 oo o s+1/2+1/2
) L O
sS+s+1 (s +1/2)° +3/4
_ s+1/2 L2 V3/2
(s+1/27 + (3/2 237 |(s+1/2?% + (\/3/2)
— 2 N n Leﬁ/z I : V372 :
s>+ (3722 3 s>+ (\3/2)

[ L' {F(s=b)} =" L {F(s)}]

Sol. Let us first find L {S—H}




S +—=e
NG 2
=e 2 cosﬁt + Lsin ﬁt
2 32
By Using Second Translation Property, we get
ol 3 1 . B
L_l{(s;u ) e’”} _le 2 {COST(I—E)%—ﬁSIn?(t—ﬂ') ; t>7r
s*+s+1
0 ; t<rw
2.7  Inverse Laplace Transform of Derivatives:
If L'{F(s)}= f(t) then
M L {@} —— 1)
ds
. L | dPF(s
G L { § )} S RIA0
ds
Proof: (i) By definition, we have
F(s)=L{f@0}=[f@y e dr
0
dF(s) d 7 o i st
= — t dt = t) (—t dt
" ds!f()e !f()( )e
= j [ f()] e dt (2.1)
0
=—L{tf(n)}
Taking Inverse Laplace Transform on both sides, we get
{9 -
ds
ie, L' {@} =—tL'{F(s5)}
ds
ie, L'{F(s)}= Ly {@}
t ds
(i1) Differentiating both sides of eq. (2.1) w.r. t. 5, we get
d’F(s) d ¢ _ K _
=—— |[tf@)]e dt == | (=) [t f@)] e dt
e ds![ f®)e !( )1 f@)]e

= (1) [[£ f@) e at
= (I L{F f(0)}



Taking Inverse Laplace Transform on both sides, we get

E{d@”}=eW#fm
ds

Generalizing, L' {d;F(S)} =Dt f(0)

n

Examples:
1. Find the inverse Laplace transform of cot™ [%)
Sol. L' {cot’l(s il 3)}
2
4 cot_l(s +3 j o LHF(s)) = “LpdEs)
t ds 2 t ds
I U R (VF)
t 1+ (s+3)°/2°
=_ 1! —22
2t (s+3) +2°

o2
2t (s+3)Y +2°

| PR 2
=-e L
t {sz + 22}

-3¢
e . _ a
= sin 2¢ L=
t s” 4+ a

2. Find L™ {log (1 + %H
s

2

e

2
Sol. L {log (1 + izﬂ =L {log (S :— 1)} =L [log (s> +1) - 2log s]
s s

i{log (s> +1) - 2log s}}
ds
2

:__IL—I s _Z
t sS+1 s

10

|: L—l {F(S)} — _TIL_l{dF(S)

|

[ L' {F(s—b)}=¢" L' {F(s)}]

ds

|



-2 1
= —(cost—1) o L {—} =1, L" ZS = cos ¢
t N s°+1

2
:7(l—cost)

2.8  Inverse Laplace Transform of Integrals:
If L'{F(s)}= f(t) then L {IF(u)du} = @
Proof: By definition, we have

F) =L@} = [ £y e di
TF(u)du - T U 1) e dtJ du

f(?) (Te_'” duj dt
eutj u
_t i
_C(t) [0—e]dt

I
S ey 8

I
Ot 8 O 8§ O3

\
~
~
~
VR

\
~

~
~

efst dt

{f (t )}
t
Taking Inverse Laplace Transform on both sides, we get

ool _ S0
L {!F(u)du} .

|
N‘

t~

Examples:

Lot =1-¢", find L' [ du__ |
s(s+1) ~u(u +1)

Sol.  Given L_l{ L } =1-¢"'

I {J‘ du } — %(1 —e) l: ift LYF(s)}=/(),L" {J.F(u)du} - @j|

2 ©
2 If I {20—5‘4} = sinh at sin at, find L™ {I%}
u +4a

s

11



2
2a” s
4

Sol.  Given L‘l{ -
s +4a

} = sinh at sin at
ut + 44°

2 24° 1 . )
L' {IM} =;s1nh atsin at

s

{ if LUF ) = f@), L {TF(u)du} = @}

* udu 1
= L' = sinh at sin at
{Iu4+4a4} 2a°t

s

2.9  Multiplication by the powers of s:

If L'{F(s)} = f(t),then L' {s F(s) - f(0)} = f'(?)
If £(0)=0,then L' {s F(s)} = f'(¢)
Proof: By definition, we have

F(s)=L{f0)}=[f@0)e™ dr

LU= [roe a=[ o) - [-serod

=0-fO) +sL{f(D)}
=5 F(s) — 1(0)

Taking Inverse Laplace Transform on both sides, we get
L' {s F(s) = f(0)} = f'(®)
clearly, if £(0) =0,then L' {s F(s)}= f'(¢)

Examples:

. Find L'{—— " {
s —6s+25

Sol. Let us first find L' {;}

s — 65+ 25
We have, L' L S L ; _1 L! ;
s — 65+ 25 (s =37 + 4 4 (s =37 + 4
! L= 4 e T _ bt -
:ZeBLl{SZMZ} [ L' {F(s—b)t=e" L {F(s)}]
1 3t -1 a .
=—¢'sin 4= f(¢t) and f(0) =0 L > =sin at
4 s’ +a

3¢
B ) 0 g ]

12



1
- I {ﬁ} Z(e 4cos 4t + 3€* sin 4¢)
s — 085 +

1
= L_l {ﬁ} Z e3 (4COS 4t + 3SII1 41)
s —0s85 +

2
2. Find L 5 .
(s* + 4)°

Sol.  Let us first find L' - s —
(s"+4)

We have, L_l{ 5 ! } = _—IL_I {i( 5 ! J} { ! {F(S)} L— {dF(S)}:|
s 4 t ds | s+ 4 ds

+
= Ly 2 _ L 2_2S .
2 st + 2 t (s~ +4)

2
1
= L—l{( - S 4)2} —(t 2cos 2t + sin 2t)
s°+

2
= L % ltcos2t+lsmzt
(s +4) 2 4

2.10 Division by s:

F(s)}

If L'{F(s)}= f(t),then L { p j f(u)du

Proof: Let g = j‘f(u)du

then g'(t) = f(¢), with g(0) =
' Lig'n}=sL{ig@)}— g0)

=~ Lif(O}=sL{g®)}-0
=~ F(s)=sL{g(n)}
> Ligny-T

13



Taking Inverse Laplace Transform of both sides, we get

{2 = 00 = [
S 0

Examples:

1. Evahlate L_l {SZZ;Z}
Sol. L_l{ . ! 2}:1];1{ 2a 2} =lsin at = f(1)

-1 1 o el
L {m}—lf(u)du—jzsmaudu

0

{ if L'{F(s)}= f(¢), then L° { (S)} j f(u)du}

= L' {%} = [_—21 cos au}t = [_—zl(cos at — 1)}
s(s"+a’) a 0 a

(1 —-cosat) =g()

—

-2
a

4 1 o _ ’i B
L {m} = E[g(u) du !az (1 —cos au) du
{ if L' {F(S)} g (1), then {F(S)} j.g(u)du}
S 0
- et
s (s* +a)

1 [ sin au}t 1 [ sin at}
a a |, a a
1

5 [at —sin at]

a
. -1 S t 1
2. Given L 5 5 —sint, find L —— (-
(s7+1 2 (s"+1
Sol. Given L' & j—l)2 } = % smt = f(t)
‘1{1 il }ij(u)dqu—smudu
s (s° + 1) 0 0

{ if L'{F(s)}= f(¢), then L° {F (S)} j f(u)du}
s 0

= L {m} 5 [u (—cosu) — 1 (—sn u)]g

14



[(=1)(t cos £ — 0) + (sin z — 0)]

N | =

el
(s* +1)°

= L' {%}=l[sin t — 1t cos t]
S +17 [ 2

3. Find L™ {l log (1 + sizﬂ

S
Sol.  We have found that

L {log (1 + izﬂ = % (I-cost) = f(2)
s

L' F log [1 + izﬂ = jf(u) du = IM du
S S 0 0

u

2.11 Convolution theorem:
If £(¢) and g(¢) are two functions and if L™ { F(s)} = f(¢) and L {G(s)} = g(¢),

then L {F(5) G(s)} = /(1) * g(t) = [ fw)g(t ~w) du = [ /(¢ = 1) g(w) d

where, f * g is called the convolution of f and g
Proof: By definition, we have

F(s)=L{f(0)}= If(t) e’ dt and G(s)=L{g(t)} = J'g(t) et dt

F(s)G(s) = {Tf(u) e du} {Tg(v) e’ dv}

e ) Fw)g(v) dudy Let ut+tv=t . dv=dt

Sher ]

dtjdu e’ fu)g(t —u)

I
Sl 8§ O 8 O =8

dt e’ {j.du fu)g(t — u)}

L {jf(u) g(t — u) du}
= L{f(O*g®)}

Taking Inverse Laplace Transform of both sides, we get

LHF©) Gy = f 0 *g0) = [ fu)g(t —u) du

15



Properties of Convolution:
1. Commutativity f*g =g* f

Proof: LHS = f(¢) * g(¢t) = jf(u)g(t —u) du

S =y)g(»)(=dy) [Putting t —u =y .. du =—dy]

f@—-y)gy)dy

f (& —u) g(u) du

St~ Ot N Ot & N o

g) f(t —u)du = g(t) * f(z) =RHS

Hence, the convolution of f and g obeys the commutative law.

2. Associativity f(¢) *[g(t)* h(@®)]=[f(t) * g(t)]* h(t)
Proof: Let f(¢) *[g(t)* h(¢t)]= f(¢t) * m(t), where m(t) = g(¢) * h(¢)
By Definition, m(¢) = g(t) * h(t) = jg(u)h(t —u)du = j.h(u)g(t —u) du

f@y s m@) = [ £(y) m(t = y) dy

= SO0 h®O1=[fO) dv| [ h@w) gt -y —u) du

o t—~

t—u
hG) du [ f(y) gt =y —u)dy
0
[changing the order of integration]
=h@)*[f(1)* g(1)]
=[f(t)* g(t)]* h(t) [using commutativity property]
3. Distributive with respect to addition f *(g+h) = f* g+ f*h

Proof: f *(g+h) = j.f(u) [g(t—u)+ h(t —u)] du

= jf(u)g(t—u) du +jf(u)h(t—u) du
=fr*g+f*h
Examples:

1. Use Convolution Theorem to find L™ ﬁ i
(s"+a)

16



1 S

Sol. Let F(s)=m, G(S)=m
f(t)—L_l{F(S)}=L_1{ - ! 2}=lsinat
s +a a

and g(t)=L‘1{G(s)}=L‘1{ - i 2}=cos at
s  +a

Now, using convolution theorem, we get

LMF($) G(s)} = [ f@)g(t — u) du

- 1 s (1
= L' . = | —sin au [cosa(t — u)] d
{(SZ +a2) (S2+a2)} _(.).a au[ a( u)] u
1 t
= 'l L= [2sinaucos(at —au)d
{(s2+a2)2} 2g !). au (at — au) du
t
= 2L I[sin (au + at —au) + sin (au — at + au)]du
a
0
- L j[sin (at) + sin (2au — at)]du
2a v
- sin (at)jdu + J.sin (au — at)du}
2a | 0 0
_ 1 ¢ sin (at) — cos(2au — at)|
2a 2a o

__tsmat (cos at —cosat)
- 2a 4a’
__tsinat

24

2. Use Convolution Theorem to find L™ % .
s (s+1)

%’ G(s) = ;2

s (s+1)

ﬂn=E%F®}=E{§}=z

Sol. Let F(s) =

_ 7l _ 71 1 _ ot
and gt)y=L {G(s)} =1L {(s+1)2} te

Now, using convolution theorem, we get

17



LM{F($) G(s)} = [ f@)g(t - u) du

a1 1 =’ wg,
L {s_z'(s+l)2} Iue (t —u) du

0

t t
tJ.ue’“ du — qu e "du
0 0

u

=t[-ue" —e"], —[~u'e " —2ue " - 2e7"],
=t[-te' —(e"' -] - [-Fe'-2te’ —2(e" - 1)]
=te' +2e"+1t -2

Partial Fractions:

Sometimes the partial fraction method is very useful in finding the Inverse Laplace Transform.

Examples:

1.

Sol.

Evaluate L_l # .
s+ s +1

s _ s _ s
st st +1 >+ =5 (SS+1+5)(s"+1-5)

Now,

1 . ) )
=—|5 1 - = ! [Resolving into partial fractions]
218" —s+1 s +s5+1

. 1 1 1
)i PR QU _
{s4+s2+1} 2 Lz—s+1 s2+s+1}
1 ~ 1
(s —1/2* +3/4 (s+1/2)° +3/4
| P 1 | P 1
Al AL P — UL )
2 {s2+(\/§/2)2} 2 {s +(\/_/2)}
L2 ] B2 |1 .2 ] B
2 B8 +WBY 2 B3 |8+ (V372
g L Q | Lo V3t
3 NE) 2

%Sm [QJ 12 gy

Gl

~

18



2, FindL‘l{ 35 +1 }
(s — )(s* + 1)

Sol I 3s +1 _ A +Bs+C _ A N Bs N C
(s =1(s* +1) s —1 s+ 1 s—1 s$+1 s +1

—ar ) L lepp )l S i) !
s—1 s +1 s +1

=Ade + Bcost+Csint (2.2)

Now to find the constants 4, B and C:
3s +1 A Bs+C

= +
(s=D(@*+1) s-1 s +1
= 3s+1=A(" + D)+ (Bs+O)(s—1)

Put s =1,weget 4=24 = A=2
Comparing the coefficients of s* on both sides, we get
0=A4+B = =—Ad=-2

Put s =0,weget 1=4-C = C=4-1=2-1=1
Put 4 =2, B =-2and C =11ineq. (2.2), we get

L_l{( 31§(+21 I)}ZZe’ —2cost + sint
s—D(s” +

Note: h(t) = jg(u) du R %h(z) = g(t), provided 4 (0) =0.

_t2

Eg. erf(t)Z%J.e“zdu N (%erf(t)Z%e

where erf (¢) is known as error function.
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