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1 Linear Independence

In last class we studied about span of a set and Simplified Span method to find
a simplified form for span(S) (S is a finite subset of R™).

Now in this section, we will explore the concept of linearly independent set
of vectors and examine methods for determining whether or not a given set of
vector is linearly independent. We will also see the connections between the
span and linearly Independence.

1.1 Definition

Let S = {v1,v2,...,v,} be a non empty subset of a vector space V. Then S is
linearly dependent if and only if there exist real number ¢y, cs, ..., ¢, not all zero
such that civ; 4+ covy + ... + cpv, = 0. That is, S is linearly dependent if and
only if the zero vector can be expressed as a nontrivial linear combination of
the vectors in S.

S is linearly independent if and only if it is not linearly dependent. In other
words, S is linearly independent if the only linear combination of the vectors of
S that equals 0 is the trivial linear combination (i.e. all coefficients = 0)

The empty set, {}, is linearly independent.

Theorem 1 A set S = {v} containing exactly one element is linearly dependent
if and only if v = 0. Equivalently, S = {v} is L.I. if and only if v # 0.

Proof Try to prove it yourself.

Theorem 2 A set S = {v1,v2} containing exactly two vectors is L.D. if and
only if at least one of the vector is a scalar multiple of the other. Equivalently,
a set S = {v1,v9} is L.I if and only if neither of the vectors is a scalar multiple
of the others.



Proof Let us suppose that S is L.D. set with two elements. then there exist
real numbers c¢q, co not both zero such that

c1v1 + cova =0 (1)

If ¢; # 0, this implies that v; = —%’Ug. That is vy is scalar multiple of vs.
Similarly if co # 0 we see that vs is a scalar multiple of v;.
Conversely suppose that v; = kvs for some k € R. Then

vy + (—k)ve =0

gives a non-triviallinear combination of v; and v, that equals the zero vector.
Thus, by the definition of the set S is linearly dependent.Hence proved.

Theorem 3 Any finite subset of a vector space contains the zero vector is lin-
early dependent.

Proof Let S be a finite subset of a vector space V' containing the zero vector.
Case 1. When S = {0}, That is S is containing only zero vector, then by
Theorem 1, S is linearly dependent. Case 2. When S = {vy,va, ..., v, } contains
at least two distinct vectors with one of them O(say v; = 0), then

101 + 002+ ... + 00, = 1.0+ 0+ 0+ .. +0=0

We have thus expressed the zero vector as a non-trivial combination of the
vectors in S. Hence, by the definition, S is linearly dependent. Hence, by case
1 and case 2 S is linearly dependent iff it contains zero vector.

Example Examine whether the subset S = {[1,-1,0,2],[0,-2,1,0],[2,0,—1,1]
of R* is linearly independent.
Solution By definition of L.I of S we proceed by assuming that

all,-1,0,2] + b0, —2,1,0] + ¢[2,0,—1,1] = [0,0,0, 0]

we will show that a,b and c all are zero. Equating the coordinates on each side
lead to the following homogeneous system:

a+0b+2c=0
—a—2b+0c=0
Oa+b—c=0
204+ 0b+c=0
The augmented matrix for the above system is:
1 0 210 1 0 0]0
-1 -2 0 . 0 1 0f0
0 1 —1lo which row reduce to 00 1lo From row reduced
2 0 110 0 0 00
echoln form we have a = 0,b = 0,c = 0. Thus, S is linearly independent.



Test for Linear Independence using Row Reduction (Independence
Test Method) Let S be a finite nonempty set of vectors in R”. To determine
whether S is linearly independent, perform the following steps:

Step 1: Create the matrix A whose columns are the vectors in S.

Step 2: Find B, the reduced row echelon form of A.

Step 3: If there is pivot in every column of B, then S is linearly independent
otherwise, S is linearly dependent.

Example Use the Independence Test method to determine which of the follow-
ing sets of vectors are linearly independent.

(a) S = {[37 1, _1}7 [_57 -2, 2]7 [27 2, _1]}

(b) Sy = {[27 5]7 [37 7]’ [47 _9}7 [_87 3]}

Solution (a) To determine whether S; is linearly independent using the Inde-
pendence Test Method, we first create the matrix

3 -5 2
A=1|1 -2 2
-1 2 -1

whose columns are the vectors in S7. We next find the matrix B, the reduced
row echelon form of A.

Since there is pivot in every column of B, the set 57 is linearly independent.
(b) To determine whether Sy is linearly independent using the Independence
Test Method, we first create the matrix

2 3 4 -8
A_[579 3}

whose columns are the vectors in Ss. We next find the matrix B, the reduced
row echelon form of A.

1 0 —55 65
B_[o 138 —46}

Since we have no pivot in column 3 and 4 of B, the set S5 is linearly dependent.
Note In last Example, there are more columns than rows in the matrix we row
reduced. Hence, there must definitely be some column without a pivot, since
each pivot is in a different row. Consequently in such case the original set of
vectors must be linearly dependent. Thus we have the following result:

Theorem 4 (Without Proof) If S is any subset of R™ containing k distinct
vectors, where k > n, then S is linearly dependent.



Example Use the Independence method to determine whether the subset
S={2>+x+1,2%2 — 1,22 + 1} of P, is linearly independent.
Solution First we convert the polynomial in S into vectors in R3

P +r+1-[1,1,1,22 -1 —=[1,0,-1],2> + 1 — [1,0,1]

Now we use the Independence Test Method on the set T' = {[1,1,1],[1,0,—1], [1,0,1]}
of vectors converted from the polynomial in S. we create the matrix A:

1 1 1
A=1|1 0 O
1 -1 1

whose columns are the vectors in the set 7. We now reduce the matrix A to
obtain

1 0
B =10 0
0 1

DU o = O

Since there is pivot in every column of B, the set T' and hence the set S is
linearly independent.

Exercise Show that the following is a linearly independent:

e Sl

Theorem 5 Alternative Characterization of Linear Independence Sup-
pose S is a finite set of vectors having at least two vectors. Then S is linearly
dependent if and only if some vector in S can be expressed as a linear combina-
tion of the other vectors in S.

Proof First we assume that S is linearly dependent. Then there exsit real
number ¢y, ca, ..., ¢, such that

11 + coV2 + ... + cpv, =0

With a; # 0 for some ¢. This implies that

a Qg a
V; = (1> v + ( ! 1>’Ui_1+...+ (n) Un
a; a; Q;

Which express v; as a linear combination of the other vectors in S.

Conversely, We assume that there is a vector v; in .S that is a linear combination
of the other vectors in S. Without any loss of generality, we assume that v; = v;.
Thus, there are real numbers ¢y, c3, ..., ¢, such that

V] = C2 + Vg + C3V3 + ... + CrLUn

— —vy + Vs + c3v3 + ... + cpv, =0

Thus, if we let ¢; = —1, then c1v1 +cova+ ...+ ¢,v, = 0, with ¢; # 0. Therefore,
by the definition, the set S is linearly dependent, Hence proved.



Exercise Try Example 10 and 11 of Andrilli.
The following Corollary gives another characterization of linear dependence us-
ing the concept of Span.
corollary A set S in a vector space V is linearly dependent if and only if there
is some vector v € S such that v € span(S — {v}. Equivalently, S is linearly
independent if and only if there is no vector V' € S such that v € span(S — {v}.

Another useful characterization of linear independence is the following;:

Theorem 6 Let S = {v1,va,...,v,} be a non-empty subset of a vector space V.
Then S is linearly independent if and only if

1. v1 #0; and

2. for each k,2 <k < n,v, ¢ span{vy,va, ..., v}

Proof Let us assume that S is linearly independent then it cannot contain zero
vector. Therefore, all the vectors are nonzero. Hence, v; =# 0. This proves
part 1. Now we need to show part 2, for this let us suppose that there is a
k,2 < k <n, such that

vk € span({vy,ve, ..., v—1})
Then there exist real numbers ay, ag, ..., ax_1 such that
Vg = A1V1 + A2V2 + ... + Qp—1Vp—1

= a1v1 +agva + ... + ap_1vk—1 + (=1)vp =0

Now by letting ar = —1 and agy1 = ... = a, = 0, we get
aivy + asvg + ... + apvi + ... + apv, =0

Since ag # 0, this shows that the set S = {v;,vo,...,v,} is linearly dependent,
which contradict our assumption that .S is linearly independent. This implies
that vy ¢ span{v — 1,vq, ..., 051}

Conversely, we assume that a non-empty subset S = {111, V2, euny vn} of a vector
space V satisfies conditions (1) and (2). To prove that S is linearly independent
, we must show that for any set of real numbers a4, as, ..., a,, the equation

aiv1 +asve + ...+ apv, — a1 =ax=..=a, =0

Notice that if aq,as, ...,a, are all zero , then a; must be zero (because vy #
0), thus completing the proof in this case. On the other hand, if not all of
ag, as, ..., ap are zero, we let k to be the largest element of {2, 3, ...,n} such that

ar, # 0. Then
Vp=\\—— ) U1 — ... — V-1
Qar ar

which shows that vy, € span({v1, va, ..., vk—1), Contradicting condition (2). Hence
our assumption is wrong. therefore all coefficients must be zero. this implies
that S is linearly independent.




Theorem 7 Let S = {v1,vs,...,u,} be a non-empty finite subset of a vector
space V. Then S is linearly independent if and only if every v € span(S) can
be expresses uniquely as a linear combination of the elements of S.

Proof Let S = {v1,vs,...,v,}. Suppose first that S is linearly independent.
Assume that v € span(S) can be expressed both as

v =a1v1 + aoVs + ... + AnUy , UV =0biv1 +bova + ... + b,

In order to show that the linear combination for v is unique, we need to prove
that a; = b; for all 7. But

0 = v—v = (a1v1+asva+...+anv,)— (b1v1+bova+...4by,) = (a1—b1)vi+(as—bs)va+...+(an—by)v,

Since S is linearly independent set, each a; — b; = 0, by the definition of linear
independence , we have a; = b;,Vi. Hence every vector v € span(S) cab be
expressed uniquely as a linear combination of the elements of S.

Conversely, Assume every vector in span(S) can be uniquely expressed as
a linear combination of elements of S. Since 0 € span(S), there is exactly one
linear combination ajvi + asvs + ... + a, v, of elements of S that equals 0. But
the act that 0 = Ovy + ... + Ov,, together with the uniqueness of expression for
0 means ai,as, ..., a, are all zero. Thus by the definition of linear combination,
S is linearly independent. Hence, Proved.

Exercise Try to prove Example 12(Page no. 246) of Andrilli.



Linear Independence of Infinite Sets

We now extend the definition of linear independence and linear dependence
to Infinite sets.

Definition Linear Independence of Infinite

An infinite subset S of a vector space V' is said to be linearly dependent
if there is some finite subset T' of S that is linearly dependent. The Set S is
said to be linearly independent if S is nto linearly dependent. Equivalently,
S is linearly independent if every finite subset of S is linearly independent.
Example Consider the subset S of Mso consiting of all non singular 2 x 2. We
will show that S is linearly independent.

Let T = {I5,2[5}, a subset of S. Clearly, 215 is multiple of I, i.e. second
element of T is scalar multiple of the first element of T'. Therefore, T is a linearly
dependent set. Hence, S is linearly dependent, since one of its finite subset is
linearly dependent.

Example Let S = {1,1 + 2,1+ 2+ 2% 1+ 2+ 22 + 23, ...}, S is an infinite
subset of P.

Now we Claim that S is linearly independent. To prove our claim, we must
prove that every finite subset of S is linearly independent. Let

T{p17p27 pn}

be ant finite subset of S. Without loss of generality, we can assume that

deg(p1) < deg(p2) < ... < deg(pn)

Now suppose that
aipr +azpz+ ...+ app, =0

We need to show that a; = a2 = ... = 0. we must prove this by contradiction.
Suppose a; # 0 for some i. Let ax be the last nonzero coefficient. Then,

aipy + azpz + ... + agpr = 0, with, ay # 0
Hence ay # 0. Then

aj as Ak—1
= ()0 (22 e (42
Q. Q. Qg

. Because all the the degrees of the polynomial in T" are different and they were
listed in order of increasing degree, this equation expressed expresses py as a
linear combination of polynomial whose degrees are lower than that of p;. This
is not possible. Hence our assumption is wrong. Thus, a; = ay = ... = a,, = 0.
Therefore, S is linearly independent. Hence, proved.

The next theorem is generalization of Theorem 7 to include both finite and
infinite sets.

Theorem 8 Let S be a nonempty susbet of a vector space V.. Then S is linearly
independent if and only if every vector v € span(S) can be expressed uniquely as
a finite linear combination of the elements of S, if the terms with zero coefficients
are ignored.



