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1 Orthogonal Complements

In previous section we studied about orthogonal and orthonormal bases for
R"™ and also we learned uses of Gram-Schmidt process to replace a basis for a
subspace of R™ with an orthogonal basis.

Now in this section we will extend the concept of orthogonal and orthonormal
basis to orthogonal complement. Also, we study some elementary properties of
orthogonal complements and investigate the orthogonal projection of a vector
onto a subspace of R".

1.1 Definition Orthogonal Complement

Let W be a subspace of R™. The Orthogonal Complement of W, denoted by
W+ (Where L is called perp, short for perpendicular complement), is the set
of all vectors of R™ that are orthogonal to every vector in W. That is

Wt={zeR":z-w=0,YwecW}

Theorem 1 If W is a subspace of R™, then v € W if and only if v is orthog-
onal to every vector in a spanning set for W.

Proof Let S = {w1,ws,...,wi} be a spanning set for W. Let us suppose that
v € W+. Then we must show that v-w =0 for 1 < i < k. Since, v € W+ and
by definition of W+ we have v-w = 0 for all w € W. In particular v - w; = 0
for 1 < ¢ < k and by the property of spanning set S C span(s) = W.

Conversely, assume that v-w; = 0 for 1 < i < k. Let w € W = span(S).
Then there exist real number ¢y, ca, ..., ¢ such that

w = Cciwi + Cows2 + ... + Ccrwg
Therefore,v- = v - (ciwy + cows + ... + cpwg)

=ci(v-wy) +ea(v-wp) + oo+ cp(v-wy) =0dev-w=0 = ve W
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